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Preface

She [field theory] is not a robust mate ready to
pitch in and lend o helping hand. She is a haunting
mistress, refined, and much too beautiful for hard
work. She is at her best in formal dress, and thus
displayed in this book, where rigor will be found to
be absolutely absent. Bryce S. DeWitt

Since the above characterization appeared [1] in 1965 we have wit-
nessed great progress in quantum field fheory, our description of fun-
damental particles and their interactions. This book displays her in
informal dress, robust and ready to give results, rigorous, while at a
pedestrian mathematical level. By approximating space-time by a col-
lection of points on a lattice we get a number of benefits:

- it serves as a precise but simple definition of quantum fields, which has

its own beauty;

- it brings to the fore and clarifies essential aspects such as renormaliza-
tion, scaling, universality, and the role of topology;

- it makes a fruitful connection to statistical physics;

- it allows numerical simulations on a computer, giving truly non-perturbative
results as well as new physical intuition into the behavior of the system.

This book is based on notes of a lecture course given to advanced
undergraduate students during the period 1984-1995. An effort was
made to accomodate those without prior knowledge of field theory. In
the present version, examples from numerical simulations have been re-
placed by more recent results, and a few sections (8.3-8.6) on lattice
aspects of chiral symmetry have been added. The latter notoriously

vi



Preface vii

complicated topic was not dealt with in the lectures, but for this book
it seemed appropriate to give an introduction.

An overview of the research area in this book is given by the pro-
ceedings of the yearly symposia ‘Lattice XX’, which contain excellent
reviews in which the authors tried hard to make the material accessible.
These meetings tend to be dominated by QCD, which is understandable,
as many of the physical applications are in the sphere of the strong in-
teractions, but a lot of exciting developments usually take place ‘on the
fringe’, in the parallel sessions. In fact, Lattice XX may be considered as
the arena for non-perturbative field theory. The appropriate papers can
be retrieved from the e-print archive http://arXiv.org/ and its mirrors,
or the SPIRES website http://www.slac.stanford.edu/spires/hep/

I would like to thank my students, who stumbled over my mistakes, for
their perseverence and enthusiasm, and my colleagues for collaborations
and for sharing their insight into this ever-surprising research field.

Amsterdam, November 2001
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Introduction

We introduce here quarks and gluons. The analogy with electrodynam-
ics at short distances disappears at larger distances with the emergence
of the string tension, the force that confines the quarks and gluons per-
manently into bound states called hadrons.

Subsequently we introduce the simplest relativistic field theory, the
classical scalar field.

1.1 QED, QCD, and confinement

Quantum electrodynamics (QED) is the quantum theory of photons ()
and charged particles such as electrons (e*), muons (%), protons (p),
pions (%), etc. Typical phenomena that can be described by pertur-
bation theory are Compton scattering (y + e~ — 7 + e~ ), and pair
annihilation/production such as et + e~ — p* + p~. Examples of
non-perturbative phenomena are the formation of atoms and molecules.
The expansion parameter of perturbation theory is the fine structure
constant! o = e? /4.

Quantum chromodynamics (QCD) is the quantum theory of quarks
(¢) and gluons (g). The quarks u, d, ¢, s, t and b (‘up’, ‘down’, ‘charm’,
‘strange’, ‘top’ and ‘bottom’) are analogous to the charged leptons v,
e, Vu, it, V7, and 7. In addition to electric charge they also carry ‘color
charges’, which are the sources of the gluon fields. The gluons are anal-
ogous to photons, except that they are self-interacting because they also
carry color charges. The strength of these interactions is measured by ag
= g?/4rn (alpha strong), with g analogous to the electromagnetic charge
e. The ‘atoms’ of QCD are ¢¢ (7 denotes the antiparticle of ¢) bound
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() (k)

Fig. 1.1. Intuitive representation of chromoelectric field lines between a static
quark—antiquark source pair in QCD: (a) Coulomb-like at short distances;
(b) string-like at large distances, at which the energy content per unit length
becomes constant.

states called mesonst (w, K, n, 0/, p, K*, w, ¢, ...) and 3¢ bound
states called baryons (the nucleon N, and furthermore ¥, A, =, A, ¥*,
A*, ...). The mesons are bosons and the baryons are fermions. There
may be also multi-quark states analogous to molecules. Furthermore,
there are expected to be glueballs consisting mainly of gluons. These
bound states are called ‘hadrons’ and their properties as determined by
experiment are recorded in the tables of the Particle Data Group [2].

The way that the gluons interact among themselves has dramatic ef-
fects. At distances of the order of the hadron size, the interactions are
strong and «ay effectively becomes arbitrarily large as the distance scale
increases. Because of the increasing potential energy between quarks at
large distances, it is not possible to have single quarks in the theory:
they are permanently confined in bound states.

For a precise characterization of confinement one considers the theory
with gluons only (no dynamical quarks) in which static external sources
are inserted with quark quantum numbers, a distance r apart. The
energy of this configuration is the quark antiquark potential V (r). In
QCD confinement is realized such that V (r) increases linearly with r as
r — 00,

V(r)=or, r— o. (1.1)

The coefficient o is called the string tension, because there are effective
string models for V(7). Such models are very useful for grasping some
of the physics involved (figure 1.1).

t The quark content of these particles is given in table 7.1 in section 7.5.
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v F

Fig. 1.2. Shape of the static ¢qg potential and the force F' = 0V/or.

Because of confinement, quarks and gluons cannot exist as free par-
ticles. No such free particles have been found. However, scattering
experiments at high momentum transfers (corresponding to short dis-
tances) have led to the conclusion that there are quarks and gluons in-
side the hadrons. The effective interaction strength ag is small at short
distances. Because of this, perturbation theory is applicable at short
distances or large momentum transfers. This can also be seen from the
force derived from the ¢¢ potential, F = 0V/0r. See figure 1.2. Writing
conventionally

4 ag(r)
Py =327, (1.2)
we know that ag — 0 very slowly as the distance decreases,
4
i (1.3)

os(r) X [ Az

This is called asymptotic freedom. The parameter A has the dimension
of a mass and may be taken to set the dimension scale in quark-less
‘QCD’. For the glueball mass m or string tension o we can then write

m=Cund,  o=C,A. (1.4)

Constants like C),, and C,, which relate short-distance to long-distance
properties, are non-perturbative quantities. They are pure numbers
whose computation is a challenge to be met by the theory developed
in the following chapters.

The value of the string tension o is known to be approximately (400
MeV)2. This information comes from a remarkable property of the
hadronic mass spectrum, the fact that, for the leading spin states, the

spin J is approximately linear in the squared mass m?,

J =ap +a'm?. (1.5)
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Fig. 1.3. Plot of spin J versus m? (GeV?) for p- and n-like particles. The dots
give the positions of particles, the straight lines are fits to the data, labeled
by their particles with lowest spin. The line labeled ‘pot’ is L versus H? for

the solution (1.10), for clarity shifted upward by two units, for mqy = m,/2,
o =1/8aj,.

See figure 1.3. Such approximately straight ‘Regge trajectories’ can be
understood from the following simple effective Hamiltonian for binding

of a ¢ pair,
H =2,/m? +p* +or. (1.6)

Here m, is the mass of the constituent quarks, taken to be equal for
simplicity, p = |p| is the relative momentum, r = |r| is the relative
separation, and the spin of the quarks is ignored. The potential is taken
to be purely linear, because we are interested in the large-mass bound
states with large relative angular momentum L, for which one expects
that only the long-distance part of V' (r) is important.

For such states with large quantum number L the classical approx-
imation should be reasonable. Hence, consider the classical Hamilton
equations,

di o OH dpk o OH
dt T dp,  dt O

and the following Ansatz for a circular solution:

(1.7)

ry = acos(wt), ry =asin(wt), rs =0,

p1 = —bsin(wt), p2 = bcos(wt), p3 =0. (1.8)
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Substituting of (1.8) into (1.7) we get relations among w, a, and b, and
expressions for p and r, which can be written in the form

p=b=cw !, r=a=2sto!p, s =4/1+m2/p? (1.9)

such that L and H can be written as
L=rp=2s"'o"'p?, H=2(s+s")p. (1.10)

For p* > m?2, s ~ 1, L o< p* and H o< p. Then L o H? and, because

H = m is the mass (rest energy) of the bound state, we see that

o =[LH™?] = (80)7 " (1.11)

p/mg—r00

It turns out that L is approximately linear in H? even for quite small
p?, such that L < 1, as shown in figure 1.3. Of course, the classical
approximation is suspect for L not much larger than unity, but the same
phenomenon appears to take place quantum mechanically in nature,
where the lower spin states are also near the straight line fitting the
higher spin states.?

With o/ = 1/80, the experimental value o/ & 0.90 GeV 2 gives \/o ~
370 MeV. The effective string model (see e.g. [3] section 10.5) leads
approximately to the same answer: o/ = 1/270, giving /o &~ 420 MeV.
The string model is perhaps closer to reality if most of the bound-state
energy is in the string-like chromoelectric field, but it should be kept in
mind that both the string model and the effective Hamiltonian give only
an approximate representation of QCD.

1.2 Scalar field

We start our exploration of field theory with the scalar field. Scalar
fields p(x) (z = (x,t), t = x°) are used to describe spinless particles.
Particles appearing elementary on one distance scale may turn out to
be be composite bound states on a smaller distance scale. For example,
protons, pions, etc. appear elementary on the scale of centimeters, but
composed of quarks and gluons on much shorter distance scales. Simi-
larly, fields may also be elementary or composite. For example, for the
description of pions we may use elementary scalar fields ¢(x), or com-
posite scalar fields of the schematic form 9 (z)ys1(x), where 1 (z) and
Y () are quark fields and 75 is a Dirac matrix. Such composite fields
can still be approximately represented by elementary ¢(z), which are
then called effective fields. This is useful for the description of effective
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interactions, which are the result of more fundamental interactions on a
shorter distance scale.

A basic tool in the description is the action S = [dt L, with L the
Lagrangian. For a nonrelativistic particle described by coordinates gy,
k=1, 2, 3, the Lagrangian has the form kinetic energy minus potential
energy, L = q4rdr/2m — V(q).f For the anharmonic oscillator in three
dimensions the potential has the form V(q) = w?¢®/2 + X\(¢?)?/4, ¢* =
qrqx. In field theory a simple example is the action for the ¢* theory,

S = /d4a: L(z), d'z=dz®da! do®da®, (1.12)
M

L(z) = 5010(z)0p(x) — $Vo(x) - V() — 3170 (2)* — $Ap(2)*, (1.13)

Here M is a domain in space-time, () is a scalar field, £(z) is the
action density or Lagrange function, and A and p? are constants () is
dimensionless and p? has dimension (mass)? = (length)~2). Note that
the index x is a continuous analog of the discrete index k: o(x,t) <
ar(t)-

Requiring the action to be stationary under variations dp(z) of ¢(x),
such that dp(z) = 0 for = on the boundary of M, leads to the equation
of motion:

35 = [ dta[-020(w) + Vola) - iel@) ~ Mp(@)°] Bile)
=0 = (0] -V>+u?)p+ A =0. (1.14)

In the first step we made a partial integration. In classical field the-
ory the equations of motion are very important (e.g. Maxwell theory).
In quantum field theory their importance depends very much on the
problem and method of solution. The action itself comes more to the
foreground, especially in the path integral description of quantum the-
ory.

Various states of the system can be characterized by the energy H =
[ @z H. The energy density has the form kinetic energy plus potential
energy, and is given by

H=1"+3(Vp)? +T, (1.15)

U =110 + 1ap™ (1.16)

t Unless indicated otherwise, summation over repeated indices is implied, §xqdr =
>k Gk dk-
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Fig. 1.4. The energy density for constant fields for p® < 0.

The field configuration with lowest energy is called the ground state. It
has ¢ = Vi = 0 and minimal U. We shall assume A > 0, such that
is bounded from below for all ¢. From a graph of U(y) (figure 1.4) we
see that the cases u? > 0 and p? < 0 are qualitatively different:
pr>0: =0, Ug=0;
pr<0:  pg=xv, vP=-" Uy=--"—. (1.17)
So the case p? < 0 leads to a doubly degenerate ground state. In
this case the symmetry of S or H under p(z) — —p(z) is broken, be-
cause a non-zero g is not invariant, and one speaks of spontaneous (or
dynamical) symmetry-breaking.

Small disturbances away from the ground state propagate and dis-
perse in space and time in a characteristic way, which can be found
by linearizing the equation of motion (1.14) around ¢ = ¢,. Writing
© = pg + ¢’ and neglecting O(¢') gives

(07 =V +m?)y' =0, (1.18)

2 2 .
m2 — U”((Pg) — {/J’ ) H > 0; (119)

p? + 3 % = —2u2, u? < 0.
Wavepacket solutions of (1.18) propagate with a group velocity v =
Ow/0k, where k is the average wave vector and w = vm? +k2. In
the quantum theory these wavepackets are interpreted as particles with
energy—momentum (w,k) and mass m. The particles can scatter with
an interaction strength characterized by the coupling constant A. For
A = 0 there is no scattering and the field is called ‘free’.
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Path integral and lattice regularization

In this chapter we introduce the path-integral method for quantum the-
ory, make it precise with the lattice regularization and use it to quantize
the scalar field. For a continuum treatment of path integrals in quantum
field theory, see for example [8].

2.1 Path integral in quantum mechanics

To see how the path integral works, consider first a simple system with
one degree of freedom described by the Lagrange function L = L(q, ¢),
or the corresponding Hamilton function H = H(p, q),

2
L=1m@-V(g), H=2"1V(), (2.1)

2m

where p and ¢ are related by p = 0L/8¢ = mq. In the quantum theory
p and g become operators p and § with [§, p| = ifi (we indicate operators
in Hilbert space by a caret *). The evolution in time is described by the
operator

U(tl, tg) = exp[—zf](tl — tg)/h], (22)

with H the Hamilton operator, H = H(p, ). Instead of working with
g-numbers (operators) p and ¢ we can also work with time dependent
c-numbers (commuting numbers) ¢(t), in the path-integral formalism.
(Later we shall use anti-commuting numbers to incorporate Fermi-Dirac
statistics.) In the coordinate basis |¢) characterized by

dlg) = dqlq), (2.3)
(o) = 6(d’ — a), /@WMZL (2.4)

8
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q

Fig. 2.1. Illustration of two functions ¢(t) contributing to the path integral.

we can represent the matrix element of (7'(t1, t2) by a path integral

(@0 (b1, t2)|s) = / Dy expliS(q)/h]. (2.5)

Here S is the action functional of the system,

t1

Slg) = | dt L(q(t),4(t)), (2.6)

2]

and [ Dq symbolizes an integration over all functions ¢(t) such that

at) =q1, q(t2) = ¢, (2.7)

as illustrated in figure 2.1. The path integral is a summation over all
‘paths’ (‘trajectories’; ‘histories’) ¢(¢) with given end points. The clas-
sical path, which satisfies the equation of motion §S(¢) = 0, or

=Ly, (2.8)

is only one out of infinitely many possible paths. Each path has a ‘weight’

exp(iS/h). If h is relatively small such that the phase exp(iS/k) varies

rapidly over the paths, then a stationary-phase approximation will be

good, in which the classical path and its small neighborhood give the

dominant contributions. The other extreme is when the variation of S/

is of order one. In the following we shall use again units in which 2 = 1.
A formal definition of [ Dg is given by

/Dq = 11 /dq(t), (2.9)

to<t<t;
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i.e. for every t € (to2,t1) we integrate over the domain of ¢, e.g. —oo <
q < 00. The definition is formal because the continuous product [], still
has to be defined. We shall give such a definition with the help of a
discretization procedure.

2.2 Regularization by discretization

To define the path integral properly we discretize time in small units a,
writing ¢ = na, ¢(t) = ¢, with n integer. For a smooth function ¢(t)
the time derivative ¢(t) can be approximated by ¢(t) = (¢gn+1 — ¢n)/a,
such that the discretized Lagrange function may be written ast

L) = gty = a0)’ = 5Vanss) = 5Van),  (2.10)
where we have divided the potential term equally between ¢, and ¢,+1.
We define a discretized evolution operator T' by its matrix elements as
follows:

(@1|T|g2) = cexp {z’a {Q—GQ 5 5

m 1 1

@ - nf - Vi) -3V}, @1
where ¢ is a constant to be specified below. Note that the exponent is
similar to the Lagrange function. The operator 7' is called the trans-
fer operator, its matrix elements the transfer matrix. In terms of the
transfer matrix we now give a precise definition of the discretized path

integral:

(U, t"))g") = /dq1 o dgn 1 (d'|T)gn 1) gn—1|T)gn—2) - - (1| T'|¢")

= c/(Hcdq) exp B—n;(q, —qn-1)* — Z;V(q’) —iaV(qn_1)

im .

+ %(QN—I —qn—2)? —iaV(qn_2) +---
iﬂ o2 E 1"

+ o (@ —d")" =5V )]

= /quis. (2.12)

Here the discretized action is defined by

N-1
S=a)_ L(na), (2.13)
n=0
t For notational simplicity we shall denote the discretized forms of L., S, ..., by the

same symbols as their continuum counterparts.
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where gy = ¢’ and ¢g = ¢"'. In the limit N — oo this becomes equal to
the continuum action, when we substitute smooth functions ¢(t). Since
the ¢,, are integrated over on every ‘time slice’ n, such smoothness is not
typically present in the integrand of the path integral (typical paths g,
will look like having a very discontinuous derivative) and a continuum
limit at this stage is formal.

It will now be shown that, with a suitable choice of the constant c,
the transfer operator can be written in the form

T = e—iaV(D)/2 efiaﬁ2/2m e—iaV(9)/2 (2.14)

Taking matrix elements between (gi| and |g2) we see that this formula
is correct if

<q1|e—iaﬁ2/2m|q2> — ceim(ql—q2)2/2a_ (2.15)

Inserting eigenstates |p) of the momentum operator p using

(alp) = &7, / @yl =1, (2.16)

27

we find that (2.15) is true provided that we choose

— mo_ [ M —in/4 21
““Vomia Vot (2.17)

The transfer operator T is the product of three unitary operators, so

we may write
T = e~io (2.18)

This equation defines a Hermitian Hamiltonian operator H modulo 27 /a.
For matrix elements between eigenstates with energy E < 27/a the ex-
pansion

T =1—iaH + O(a?) (2.19)

leads to the identification

2
2 p - 2
H=2"14V()+0(a, 2.20

P4 V(@) +0(a?) (220)
in which we recognize the usual Hamilton operator. It should be kept

in mind though that, as an operator equation, the expansion (2.19)

is formal: because p? is an unbounded operator there may be matrix

elements for which the expansion does not converge.
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2.3 Analytic continuation to imaginary time

It is very useful in practice to make an analytic continuation to imaginary
time according to the substitution ¢ — —it. This can be justified if the
potential V' (¢) is bounded from below, as is the case, for example, for
the anharmonic oscillator

V(g) = tmw’q® + tag*. (2.21)

Consider the discretized path integral (2.12). The integration over the
variables ¢, continues to converge if we rotate a in the complex plane
according to

a=lale ™, p:0— g (2.22)
The reason is that, for all ¢ € (0,7/2], the real part of the exponent in
(2.12) is negative:

) 1 .
' = —(—sinp +icosy), —ilale”"¥ =|a|(—siny —icosyp).

lale= " |a]
(2.23)
The result of this analytic continuation in a is that the discretized path

integral takes the form
|c|/<H |c|dQn> eSg:’

N-1
m
Sg = —|al E [_2|a|2 (Gn+1 — Qn)2
n=0

(ql|Ug(tl, t”)|q”)

+ %V(anrl) + %V(qn):| ’ (224)

Here the subscript & denotes the imaginary-time versions of U and S.
The integrand in the imaginary-time path integral is real and bounded
from above. This makes numerical calculations and theoretical analysis
very much easier. Furthermore, in the generalization to field theory there
is a direct connection to statistical physics, which has led to many fruitful
developments. For most purposes the imaginary-time formulation is
sufficient to extract the relevant physical information such as the energy
spectrum of a theory. If necessary, one may analytically continue back to
real time, by implementing the inverse of the rotation (2.22). (This can
be done only in analytic calculations, since statistical errors in e.g. Monte
Carlo computations have the tendency to blow up upon continuation.)
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In the following the subscript & will be dropped and we will redefine
|a| = a, with a positive.

After transformation to imaginary time the transfer operator takes
the Hermitian form

T — e—aV(@)/2 g—ap?/2m ,—aV(d)/2. (2.25)

This is a positive operator, i.e. all its expectation values and hence all
its eigenvalues are positive. We may therefore redefine the Hamiltonian
operator H according to

T =eH, (2.26)
A natural object in the imaginary-time formalism is the partition func-
tion

Z =Tre Hlt+=t) = /dq (gle” 1))y = TN, (2.27)

where we think of ¢, (¢_) as the largest (smallest) time under consid-
eration, with t; —t_ = Na. From quantum statistical mechanics we
recognize that Z is the canonical partition function corresponding to the
temperature

T=(t, —t_)" (2.28)

in units such that Boltzmann’s constant kg = 1. The path-integral
representation of Z is obtained by setting in (2.24) gy = qo = ¢q (¢' =
q¢" = q) and integrating over g¢:

Z = Dge®. (2.29)
pbc

Here ‘pbc’ indicates the fact that the integration is now over all dis-
cretized functions ¢(t), t— < ¢ < ty, with ‘periodic boundary conditions’

q(ty) = q(t-).

2.4 Spectrum of the transfer operator

Creation and annihilation operators are familiar from the theory of the
harmonic oscillator. Here we shall use them to derive the eigenvalue
spectrum of the transfer operator of the harmonic oscillator, for which

V(g) = imw’q®. (2.30)

For simplicity we shall use units in which ¢ =1 and m = 1, which may
be obtained by transforming to variables ¢' = ¢/a, p' = ap, m' = am,
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and w' = aw, then to ¢"" = ¢’vm' and p" = p'/v/m’, such that (omitting
the primes) [p,§] = —i and

T = @ /40 2g=?0 /4, (2.31)

Using the representation ¢ — ¢, p — —id/0q or vice-versa one obtains

the relation
T(?) :M(If)’f’, (2.32)
q q
where the matrix M is given by

1.,2 ;
M:( L+ W™ g ) (2.33)

—i(24 jw?)iw? 1+ 1w?

We want to find linear combinations «§ + Ap such that
T(kG + Ap) = p(kg + Mp)T, (2.34)

from which it follows that (x,A) have to form an eigenvector of M* (the
transpose of M) with eigenvalue pu. The eigenvalues ps of M can be
expressed as
py =e . cosh® =1+ 1w’ (2.35)
and the linear combinations sought are given by
a = v[sinh(@q) + ip],
0t = v[sinh(©g) — ip), (2.36)

where v is a normalization constant. The @ and a' are the annihilation
and creation operators for the discretized harmonic oscillator. They
satisfy the usual commutation relations

[&JA]'T] =1, [aﬂ&] = [&T’&T] =0, (237)

provided that
1

V= ——, 2.38
V2sinhw ( )

and furthermore
Ta =e”al’, Tat =e “alT. (2.39)
The ground state |0) with the highest eigenvalue of 7' satisfies a|0) = 0,
from which one finds (using for example the coordinate representation)

<q|0> — 6_% sinh @ q2
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T10) = e~"0),

Ey

I
_Ez

= o= ©

(2.40)

The ground state energy is Fo = 5@ and using (2.39) one finds that the
excitation energies occur in units of @, for example

Tat|0y = e=@ alT|0) = e~ /2%t 0). (2.41)
Hence, the energy spectrum is given by
E,=(n+1)5, (2.42)

which looks familiar, except that @ # w.

We now can take the continuum limit @ — 0 in the physical quantities
FE,,. Recalling that w is really aw, and similarly for &, we see by expand-
ing (2.35) in powers of a, i.e. cosh(a®) = 1+ a?&?/2 + a0 /24 + -+ =
1+ a’w?/2, that

O =w+ 0(a?). (2.43)
Note that the corrections are O(a?), which is much better than O(a) as

might be expected naively. This is the reason for the symmetric division
of the potential in (2.11).

2.5 Latticization of the scalar field

We now transcribe these ideas to field theory, taking the scalar field as
the first example. The dynamical variables generalize as

q(t) = o(x,1) (2.44)

(i.e. there is a ¢ for every x). The coordinate representation is formally
characterized by

p()1e) = (X)), (2.45)

o) = [T lex)» (2.46)

(@'le) =[] 0(¢' (%) — 0(x)), (2.47)

I/ aetolal=1 (2.48)

The evolution operator is given by

(1|U(t1,12)|i02) = /Dapes(“"), (2.49)
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where the integral is over all functions p(x,t) with ¢(x,t1 2) = ¢1,2(x).
The theory is specified furthermore by the choice of action S. For the
standard ¢* model

2

SWﬁZ—A?¢M/d%[%@ﬂ@@M@%+%

P(@) + 30|
(2.50)
where = (x,z4) and x4 = t. Note that in the imaginary-time formal-
ism the symmetry between space and time is manifest, since the metric
tensor is simply equal to the Kronecker ¢,,. Consequently, we shall
not distinguish between upper and lower indices u,v, .... One often
speaks of the FEuclidean formalism, since the space-time symmetries of
the theory consist of Euclidean rotations, reflections and translations.

The partition function is given by

Z = /DWS(W, (2.51)

where the integral is over all functions periodic in the time direction,
o(x,t+ B) = p(x,t), with 3 = T~ the inverse temperature.

The path integral Z will be given a precise definition with the lattice
regularization, by a straightforward generalization of the example of
quantum mechanics with one degree of freedom. Let z, be restricted to
a four-dimensional hypercubic lattice,

z, =mya, m,=0,1,...,N -1, (2.52)

where a is the lattice distance. The size of the hypercubic box is L = Na
and its space-time volume is L*. The notation

N-1 N-1
> =d ZO-..ZOEC#Z (2.53)
T mi= mg= m

will be used in this book. For smooth functions f(z) we have in the
continuum limit

> fla)— /L d*z f(z), N —o0, a=L/N =0, Lfixed. (2.54)
- 0

We have put © = 0 at the edge of the box. If we want it in the middle
of the box we can choose m, = —N/2+1,-N/2+2,...,N/2. Below
we shall choose such a labeling for Fourier modes and we shall assume
N to be even in the following.

The scalar field on the lattice is assigned to the sites z, we write ¢, .
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The part of the action without derivatives is transcribed to the lattice

as 35, (197 /2 + gy [4).
Derivatives can be replaced by differences. We shall use the notation

1

aﬂ(pz = E(@z+aﬂ - (Pz); (255)
1
Oupe = —(0 = Pa—ap), (2.56)
where 1 is a unit vector in the p direction. For smooth functions f(z),
0
Ouf(x), 0, f(x) = oz, (z), a—0. (2.57)

It is convenient to use periodic boundary conditions (such that the lattice
has no boundary), which are specified by

Pr+Napp = P, (258)
and, for example,
1
84()0x,(N71)a = E(@x,o - @x,(N—l)a)- (2.59)

With periodic boundary conditions the derivative operators 9, and 0,
are related by ‘partial summation’ (the analog of partial integration)

> 10 Oupre = = > 010 Poa- (2.60)
T T
In matrix notation,
au‘pz = (au)zy Py (2.61)
. . _ T.
0,, is minus the transpose of 9, 9;, = =0,
1
(6u)zy = E((Sera;l,y - 6z,y)7 (2'62)

@)y = + Gy = O ajig) = ~@dye = Oy (269

After these preliminaries, the path integral will now be defined by

Z = /Dsoes(“"), (2.64)
/Dsazl—[(c/ )d‘Pz; =1L (2.65)
1 2 A
S(p) = - Z(iauw@usox + %goi + ?p;t) , (2.66)

T

c=a/V2r. (2.67)
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Note that cp is dimensionless. The dimension of ¢ follows from the
requirement that the action S is dimensionless. In d space-time dimen-
sions,

(o] = a=@=2/2 ¢ = qal1=2)/2, (2.68)

The factor 1//27 is an inessential convention, chosen such that there
is no additional factor in the expression for the transfer operator (2.74)
below, which would lead to an additional constant in the Hamiltonian
(2.80).

The lattice action was chosen such that for smooth functions f(z),
S(f) = Scont(f) in the classical continuum limit ¢ — 0. However, it is
useful to keep in mind that typical field configurations ¢, contributing
to the path integral are not smooth at all on the lattice scale. The pre-
vious sentence is meant in the following sense. The factor Z ! exp S(yp)
can be interpreted as a normalized probability distribution for an ensem-
ble of field configurations ¢,. Drawing a typical field configuration ¢
from this ensemble, e.g. one generated by a computer with some Monte
Carlo algorithm, one finds that it varies rather wildly from site to site
on the lattice. This has the consequence that different discretizations
(e.g. different discrete differentiation schemes) may lead to different an-
swers for certain properties, although this should not be the case for
physically observable properties. The discussion of continuum behavior
in the quantum theory is a delicate matter, which involves concepts like
renormalization, scaling and universality.

2.6 Transfer operator for the scalar field

The derivation of the transfer operator for the scalar field on the lattice
follows the steps made earlier in the example with one degree of freedom.
For later use we generalize to different lattice spacings for time and space,
a; and a, respectively. We use the notation z4 =t = nat, Yo = Ypx,
with n = 0,1,...,N — 1 and ¢nx = @ox. Then the action can be
written as

S) =33 Ti%(sonﬂ,x ) — a3 Vign), (2.69)

2

3
1 I A
V(Qon) = Z 5 Zaj(pn,xaj(pn,x + ?‘pi,x + Z@?L,x . (270)

x j=1
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The transfer operator T is defined by its matrix elements
. N 1 )
(Lpn+1|T|(pn> =C exp|—at Z 2_0,2(@n+1’x - ‘Pn,x)
< t

X exp {—at%(v(@n-i-l) + V(‘Pn))] > (2'71)

such that

Z= (H/d%v> (on|TIoNn—-1) - (¢1]T|0) (2.72)
=TI, (2.73)

The transfer operator T can be written in the form
7= Lvig) Ly s vg)|, @
= exp|—ar5V(P)| exp at2x7rx exp | a5V (P)| .
where 7ty is the canonical conjugate operator of ¢y, with the property

[Px, fry] = ia *0xy. (2.75)

To check (2.74) we take matrix elements between |p,) and (p,+1| and
compare with (2.71). Using

VD)) = a3V ()| (2.76)

we see that (2.74) is correct provided that

X

a1 #2 . 3
(Pniile ™2 ZxTxp,) = N exp [—at > (nt1x — o)’ /207

(2.77)
This relation is just a product over x of relations of the one-degree-of-
freedom type
ey £ w2
(le /%] gp) = [ o= e /2, (278)

with the identification, for given x, ¢ = ap, p = a*n — —id/dq, and
") =0y ) It

c:a\/g, gzaﬁt. (2.79)

follows that
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v

Fig. 2.2. Shortest wave length of a lattice field.

Making the formal continuous-time limit by letting a; — 0 and ex-
panding T = 1—a;H + - - -, we find a conventional looking Hamiltonian!
on a spatial lattice,

H = (377 + 30;0x0ix + 5173 + 1APL) + O(a). (2.80)

T

2.7 Fourier transformation on the lattice

We record now some frequently used formulas involving the Fourier
transform. The usual plane waves in a finite volume with periodic
boundary conditions are given by

27
) pu = nuf; (281)

eip:t
where the n, are integers. We want to use these functions for (Fourier)
transformations of variables. On the lattice the z, are restricted to
z, =mya, my, =0,...N —1, L = Na. There should not be more p,
than z,; we take

n,=—-N/2+1,-N/2+2,...,N/2. (2.82)

Indeed, the shortest wave length and largest wave vector are given by
(cf. figure 2.2)

N 2
- —. 2.

2 L (2:83)

o
>\min = 2a> Pmax = E -

Apart from these intuitive arguments, the reason for (2.82) is the fact
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that (in d dimensions, mn = my,n,,)

Upin, = N—d/2ei27rmn/N = N—d/2 (eipac)mn

is a unitary matrix,

*
UninUZ s = G-

We check this for the one-dimensional case, d = 1:

N-1
. 1 1 1—7N

. ’
r= 6127r(n7n )/N’

where

S =0, n#n' mod N

=1, n=n' modN.

We shall use this result in the form

Ze—i(p—p')w - SPJD’ = H(N|au|5m”,m;) ’
- Iz

Zeip(zfz’) =0pp = H(|au|’15nu,n;) )
p Iz

%251;[ IaMI; :

B 1
=My T
P w ny

21

(2.84)

(2.85)

(2.86)

(2.87)

(2.90)

(2.91)

(2.92)

(2.93)

where |a,| is the lattice spacing in the p direction (unless stated other-
wise, |a,| = a). With this notation we can write the Fourier transfor-
mation of variables (‘from position space to momentum space’) and its

inverse as
~ —ipx
Pp = E € Pz,
x

Pa = Z eim‘ﬁp—
P

(2.94)

(2.95)

For smooth functions f(p) we have, in the infinite-volume limit L =
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Na — oo,

4 mn
> flp) = ((if; Zf(QN—a> (2.96)

P n

w/a d4p
—>/ 7 f(p), N = oo, afixed, (2.97)
where Ap = 27 /Na.

2.8 Free scalar field

For A = 0 we get the free scalar field action. For this case the path
integral can be done easily. Assuming pu? = m? > 0, we write

S =— Z(%aﬂgaza”npx + Im?¢2) (2.98)
= % Z Sey PaPy, (2.99)
oy

Sacy = - Z [Z(éz+aﬂ,x - gz,x)(gz+aﬂ,y - Sz,y) + m25z,m5z,y] -
z 1

(2.100)
It is useful to introduce an external source J;, which can be chosen as
we wish. The partition function with an external source is defined as

Z(J) = /D(p exp <S +) Jx%) . (2.101)

The transformation of variables

0= 0xt Y Guyldy, (2.102)
Yy

with G, minus the inverse of S,,,
SayGyz = —0a.2, (2.103)
brings Z(J) into the form
Z(J) = Z(0) exp(5GayJody) - (2.104)

The integral Z(0) is just a multiple Gaussian integral,

Z(0) = /D<P exp(—3G.y ay)
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1 1
= ———— =exp(:sIndetG). (2.105)
Vdet G—1 & )
There is finite temperature physics that can be extracted from the par-
tition function Z(0), but here we shall not pay attention to it.
The propagator G can be easily found in ‘momentum space’. First we
determine the Fourier transform of S, using lattice units a =1,

Sp—g =Y e PG, (2.106)
Ty
— _ Z Z(efipﬂ _ 1)(eiqﬂ _ 1) + m2 efiszriqz
z w
= 5,8, (2.107)
—Sp=m’+» (2—2cosp,) (2.108)
N
_ 2 4gin2 Pr 2.1
m” + XH: sin” = (2.109)

Since Sj,_, is diagonal in momentum space, its inverse is given by
1
m?+ 3 (2 —2cosp,)
From this we can restore the lattice distance by using dimensional anal-
ysis: p — ap, m = am and G, — a®>G(p). This gives
1

Gp,fq = Gp 5p,q, Gp =

(2.110)

Gp) = , 2.111
() m? +a~?37 (2~ 2cosapy) ( )
and in the continuum limit @ — 0,
1
G(p) = (2.112)

m2 + p? + 0(a2)’

which is the usual covariant expression for the scalar field propagator.
It is instructive to check that the corrections to the continuum form are
already quite small for ap, < %

From the form (2.104) we calculate the correlation function of the free
theory,

(pa) = PQZZL =0 (2.113)

( )= O0lnZ
el =97, 07,

= Gy (2.114)
J=0
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Fig. 2.3. Integration contour in the complex z = eP* plane. The crosses
indicate the positions of the poles at z = z+.

Hence, the propagator G is the correlation function of the system (cf.
problem (v)).

We now calculate the time dependence of G,,, assuming that the
temporal extent of the lattice is infinite (zero temperature),

— " dps ip(z—y)
G(l‘ - y) = Gzy = /_7T % Ep eP\ry G(p), (2115)
. T dpy elpat
= tpx e = 2.11
G(x,t) gp € /77r 97 2b— 2cospy’ (2.116)
1 2 pj
_ 1 2 . 2 Pj
b—l—l—2 m +j2:14sm 5 | (2.117)

where we reverted to lattice units. The integral over p, can be done by
contour integration. We shall take ¢ > 0. Note that, in lattice units, ¢
is an integer and b > 1. With z = exp(ips) we have

m ipat
IE/ dpy e (2.118)
—x 2m 2b—2cospy

dz 2t
=) ——— 2.119
/27riz2—2bz+1’ ( )

where the integration is counter clockwise over the contour |z| = 1, see
figure 2.3. The denominator has a pole at z = z_ within the unit circle,

22 =224+ 1= (2—2y)(z—2_),
24 =bx Vb -1, 232_=1, z:>1, z_<1,
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z_-=e ¥, coshw=0b w= ln(b+ Vb2 — 1) . (2.120)

The residue at z = z_ gives

o—wt
= Senho’ (2.121)
and it follows that (w depends on p)
piPX—wt
G(x,t) = vy (2.122)

Notice that the pole z = z_ corresponds to a pole in the variable py at
Py = 1W.

In the continuum limit (m — am, p; = ap;, w = aw, a = 0) we get
the familiar Lorentz covariant expression,

w— y/m? + p2. (2.123)

The form (2.122) is a sum of exponentials exp(—wt). For large ¢ the
exponential with the smallest w, w = m, dominates,

Gxe ™, t— o0, (2.124)

and we see that the correlation length of the system is 1/m.

2.9 Particle interpretation

The free scalar field is just a collection of harmonic oscillators, which
are coupled by the gradient term 0;¢0;¢ in the action or Hamiltonian
(2.80). We can diagonalize the transfer operator explicitly by taking
similar steps as for the harmonic oscillator. One then finds (cf. problem
(iii)) creation and annihilation operators af, and ap, which are indexed
by the Fourier label p. The ground state |0) has the property ap|0) = 0
with energy Eo = Y. wp/2. The elementary excitations [p) = af,|0)
are interpreted as particles with momentum p and energy wp. This
interpretation is guided by the fact that these states are eigenstates of
the translation operators in space and time, namely, exp(f[ t) (eigenvalue
exp[(wp + Fo)t]), and the spatial translation operator Uy (eigenvalue
exp(—ipx), see problem (vii) for its definition).

In the continuum limit we recover the relativistic energy-momentum
relation w(p) = v/m? + p2. The mass (rest energy) of the particles is ev-
idently m. They have spin zero because they correspond to a scalar field
under rotations (there are no further quantum numbers to characterize
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their state). They are bosons because the (basis) states are symmetric
in interchange of labels: |p1ps) = af, af,||0) = af,al, ||0) = [p2p1)-
The ground state is usually called ‘the vacuum’.

For interacting fields the above creation and anihilation operators do
no longer commute with the Hamiltonian — they are said to create ‘bare’
particles. The ‘dressed’ particle states are the eigenstates of the Hamil-
tonian, but only the single-particle states have the simple free energy—
momentum relation w(p) = /m? + p2. Multi-particle states have in
general interaction energy, unless the particles (i.e. their wavepackets)
are far apart.

Using the spectral representation (cf. problem (viii))

(Patpy) = (©)°="D_ [(0lo|p, M)|” exp[—wp 5|4 — ya| + iP(x — ¥)],
p,7#0
Wp,y = Ep,y — Eo, (2.125)

the particle properties can still be deduced from the correlation func-
tions, e.g. by studying their behavior at large time differences, for which
the states with lowest excitation energies (i.e. the particles) wp dominate.
Alternatively, one can diagonalize the transfer operator by variational
methods.

These methods are very general and also apply to confining theories
such as QCD. The quantum numbers of the particles excited by the fields
out of the vacuum match those of the fields chosen in the correlation
functions.

2.10 Back to real time

In (2.22) we analytically continued the lattice distance in the time direc-
tion a; to imaginary values. If we want to go back to real time we have
to keep track of a;. For instance, the action (2.70) may be rewritten in
lattice units as

S=—£Y 101p. 0400

1 1 m?2 s A 4 a
o E XI: |:§aJ(pz6](10z + TQOz + Z‘p , &€= Cl—t, (2126)

which leads to the correlation function in momentum space

_ £
Gy = m? +3°,(2 —2cosp;) +&2(2 — 2cosps)

(2.127)
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We have to realize that the symbol a; in the Euclidean notation was
really |a;| (cf. below (2.24)) and that |a;| = ia; = i|a| exp(—ip), ¢ =
/2, according to (2.22). Hence, restoring the ¢ dependence of £ means

€ — €](—ie™). (2.128)

Rotating back to real time, we keep ¢ infinitesimally positive in order
to avoid singularities in Gp, ¢ : m/2 — €, € > 0 infinitesimal. This gives

—il¢]

G—
m? +3°:(2 — 2cosp;) — [€]*(2 — 2cospa) — i€’

(2.129)

where we freely rescaled the infinitesimal € by positive values, [—i exp(i€)]* =
(—i+€)? = —1 —ie; (2 —2cospy) is also positive.

In the continuum limit m — am, p; — apj, ps = |£| taps, G, —
a=2¢G(p), a — 0 we obtain the Feynman propagator

G(p) — s—— = —iGm(p). (2.130)

In continuum language the rotation to imaginary time is usually called
a Wick rotation:
2% = —izy, p° = —ips, po — ips, (2.131)

where —i is meant to represent the rotation exp(—iy), ¢ : 0 = 7/2 in
the complex plane. For instance, one continues the Minkowski space
propagator to the Euclidean-space correlation function

dpo dp e
= 2.132
GM(m) / (27‘[‘)4 2 + p2 _ p(2) — e ( 3 )
dp d3 etpr
.y / U (2.133)
P +pi
= iG(z (2.134)

without encountering the singularities at pg = £+1/m? + p2 Fie. Notice
that exp(ipx) is invariant under the rotation: Zi:o puzt — Ei:l Duy,.-

In (2.130) the time-like momentum is still denoted by p,4 instead of py,
because the p, (and z,) in lattice units are just dummy indices denoting
lattice points. The actual values of G in the scaling region |z| > a are
the same as in the continuum.

2.11 Problems

We use lattice units a = 1 unless indicated otherwise.
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Restoration of rotation invariance
Consider the free scalar field propagator in two dimensions

d2p etr(z—y)
G = . 2.135
Y /(277)2m2+4—2005p1—2cosp2 ( )

Let z — y — oo along a lattice direction, or along the diagonal:
r—y=nt, t— o0, n=(1,0) orn = (1,1)//2. The correlation
length &(n) in direction n is identified by G o exp(—t/£(n)). Use
the saddle-point technique to show that, along a lattice direction,

¢l =w, coshw=1+m?/2, (2.136)
whereas along the diagonal
€7 =V, coshw' =1+ m?/4. (2.137)

Discuss the cases m < 1 and m > 1. In particular show that in
the first case

£'/€ =1—m2/48 + O(m*). (2.138)

In non-lattice units m — am, and we see restoration of rotation
invariance, ¢’/¢€ — 1 as a — 0. Corrections are of order a’m?.
Real form of the Fourier transform

Consider for simplicity one spatial dimension. Since (¢, is real,
Py = P—p- Let pp = <,5’p + i@;. The real and imaginary parts @;,
and 95; satisfy gﬁlp = @Lp and 95; = —gélp. The cﬁ;,, p > 0, and
(ﬁip, p < 0, may be considered independent variables equivalent
to .. Expressing ¢, in these variables gives the real form of the
Fourier transform, and the matrix O given by

1
Omn:—y TLZO,
vN
]2 2Tmn 1 N 1
- N COS N ) n_ ) ) 2 )
1 N
= = n=-—,
v N 2
2 2
:—\/Nsin 7r]7\771n’ n:—;%—l, ,—1,

where m =0, ..., N — 1, is orthogonal: O OT = 1.
Similar considerations apply to canonical conjugate 7, and 7.
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Verify that the operators ép and 7:rp satisfy the commutation re-
lations

= | Py T = i0

f .z A2 S A T

q] = “Sp,qv [‘pwﬂ-q] =0, [‘pwﬂ-q =0, [‘pwﬂ-q] = “Sp,q’
(2.140)

. . P 2~ at 2 2 s =t

m addltlon to [(ppa (pq] = [(pgn (pq] = [71—1)771—11] = [ﬂ—Pvﬂ-q] = 0

Creation and annihilation operators

For a free scalar field show that

=1

AR SRENL TS SHL A LE I SR HEN T
mfo =m? 4+ 2(1 — cosp), (2.141)
where |<,A5p|2 = cf);r,g?)p, etc. Hence, the transfer operator has the

form T' = I1, Z».
Obtain the commutation relations of the creation (d;) and an-
nihilation (a,) operators defined by

R 1 . S ot
ap = 4 /m [sinh(wp)@, + i7,]. (2.142)

Using the results derived for the harmonic oscillator, show that
the energy spectrum is given by

E:LZ(NP-F%)WP, coshw, =1+ 3m). (2.143)
P
where N, is the occupation number of the mode p (recall that in
our notation L) =3 ,p=2mn/L).
Verify that

Py = zp: m (e a, +e~P"al) . (2.144)
Ground-state wave functional

For the free scalar field, write down the wave function for the

ground state in the coordinate representation, ¥o(y) = (¢|0).
Correlation functions

We define expectation values

1
((pxl . (pm"> = m /D(p es(‘ﬁ)"rt]mﬂﬁm Oay P s (2145)

and correlation functions (connected expectation values)

0 0

Gz Ty — z1 " Pz nn — 35,
1 n <(10 1 4 n>00 6Jx1 8J:t1

nZ(J). (2.146)
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(vii)
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Verify that

Ga = (pa), (2.147)
Gwlﬂw = (@x1¢m2> - <()0$1><30962>' (2148)

Give similar expressions for the three- and four-point functions
Grizszs aNd Gy, pongz,s- Note that (p,) may be non-zero in cases
of spontaneous symmetry breaking even when J, = 0.
Ground-state expectation values of Heisenberg operators

On an L? x B3 space-time lattice, verify that

Tr e*(sz4+y4)FI¢x e*($4*y4)f{¢y
Tre—AH

(Prpy) = , (2.149)

where x4 > y4 and J = 0.
Let |n) be a complete set of energy eigenstates of the Hamilto-
nian,

Hin) = E,|n). (2.150)

The ground state |0) has lowest energy, Ey. Show that for 8 — oo
(zero temperature)

(Patpy) = (O[T @2 py|0), (2.151)

where T is the time ordering ‘operator’ and ¢, is the Heisenberg
operator

Pras = €M Prege™ M. (2.152)

Translation operator
The translation operator Ux may be defined by

Uslpy) = lpx—y), (2.153)

with |¢y) the factor in the tensor product |p) =[] |¢y). This
operator has the properties

Ul Sf’yUx = QX—ya (2-154)
Ul ity Uy = fix_y, (2.155)

such that the expectation value of e.g. ¢y in an actively translated
state [¢') = UZ|’(/J> behaves in a way to be expected intuitively:
(W"@x ") = (l@x—alt).

Verify that for periodic boundary conditions the Hamiltonian
is translation invariant,

A

TIHU, = H. (2.156)
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(viii) Spectral representation
Let |p, ) be simultaneous eigenvectors of H and Ux (7y is some
label needed to specify the state in addition to p),

Hp,7) = Ep,|p,7), Uxlp,7) = e"PX|p,7) (2.157)

Derive the spectral representation for zero temperature:

(Patpy) = (©)* = D 1(0lolp, M)

P,Y#0
X exp[—wp 4|24 — ya| +ip(x —¥)],
wp,y = Epy — Eo, (2.158)

where v # 0 indicates that the ground state is not included.



3
O(n) models

In this chapter we study scalar field models with O(n) symmetry de-
scribed by the Euclidean action

S = —/d‘*w[%@wp”‘ P+ TP + X% *)?], (3.1)

where p*(z) = a =0,...,n — 1 is an n-vector in ‘internal space’. The
action is invariant under O(n), the group of orthogonal transformations
in n dimensions. For n = 4 this action describes the scalar Higgs sector of
the Standard Model. It can also be used as an effective low energy action
for pions. Since the models are relatively simple they serve as a good
arena for illustrating scaling and universality, concepts of fundamental
importance in quantum field theory.

It turns out that scalar field models (in four dimensions) become ‘triv-
ial’ in the sense that the interactions disappear very slowly when the
lattice distance is taken to zero. The interpretation and implication of
this interesting phenomenon will be also be discussed.

3.1 Goldstone bosons

We have seen in section 1.2 that the one-component classical scalar field
(i.e. n = 1) can be in two different phases, depending on the sign of u?,
namely a ‘broken phase’ in which the ground-state value ¢, # 0, and
a ‘symmetric phase’ in which ¢, = 0. For n > 1 there are also two
phases and we shall see that in case of continuous internal symmetry
the consequence of spontaneous symmetry breaking is the appearance
of massless particles, called Goldstone bosons.}

t Actually, this is true in space-time dimensions > 3. In one and two space-time di-
mensions spontaneous breaking of a continuous symmetry is not possible (Merwin—
Wagner theorem, Coleman’s theorem).

32
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Fig. 3.1. Shape of U for n =2 for p* < 0.

The potential
U=1p20" +IX?) (3.2)
has a ‘wine-bottle-bottom’ shape, also called ‘Mexican-hat’ shape, if
p? < 0 (figure 3.1). It is clear that for u? > 0 the ground state is unique

(pg = 0) but that for u> < 0 it is infinitely degenerate. The equation
OU /0¥ = 0 for the mininima, (u? + Ap?)e® = 0, has the solution

(&

0F =vda0, v =-p’/X (4¥<0), (3.3)

or any O(n) rotation of this vector. To force the system into a definite
ground state we add a symmetry-breaking term to the action (the same
could be done in the one-component ¢* model),

AS = /dm ep’(z), €>0. (3.4)

The constant € has the dimension of (mass)®. The equation for the
stationary points now reads

(12 + Xp*) ™ = €bao. (3.5)

With the symmetry breaking (3.4) the ground state has ¢g pointing in
the a = 0 direction,

g = V0a0, (u? + M =e. (3.6)

Consider now small fluctuations about ¢g. The equations of motion
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(field equations) read
(=0% + 1% + A\p?)9® = €600, 0> =V? -0} (3.7)

Linearizing around ¢ = g, writing

KL =v+o, =m, k=1,...,n—-1, (3.8)
we find
(=0* +m2)o =0, (=0*+m2)m =0, (3.9)
with
m2 = p? + 3\? = 2007 + ¢/, (3.10)
m2 = p? + \? = ¢/v. (3.11)

For y?> > 0, v = 0 and m2 = m2 = p?, whereas for y?> < 0, v > 0 and
the o particle is heavier than the 7 particles. For € — 0 the 7 particles
become massless,

m2 xefvg = 0, vy = Vje=0- (3.12)

The simple effective O(n) model reproduces the important features
of Goldstone’s theorem: spontaneous symmetry breaking of a contin-
uous symmetry leads to massless particles, the Goldstone bosons. For
small explicit symmetry breaking the Goldstone bosons get a squared
mass proportional to the strength of the breaking. The massless modes
correspond to oscillations along the vacuum valley of the ‘Mexican hat’.

As mentioned earlier, the O(4) model is a reasonable model for the
effective low energy interactions of pions amongst themselves. The par-
ticles 7 and 7° are described by the fields 7 (z). The o field (after
which the model is named the o model) corresponds to the very broad
o resonance around 900 MeV. The model looses its validity at such en-
ergies, for example the p mesons with mass 770 MeV are completely
neglected.

3.2 O(n) models as spin models

We continue in the quantum theory. The lattice regularized action will
be taken as

S == [30u050u05 + Imies el + $ro(059s)?] - (3.13)

T
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We have changed the notation for the parameters: p?> — m2, A — Xo.
The subscript 0 indicates that these are ‘bare’ or ‘unrenormalized’ pa-
rameters that differ from the physical ‘dressed’ or ‘renormalized’ values
which are measured in experiments.

We shall mostly use lattice units, a = 1. Using 9,05 = ¢35, — €5,
the action can be rewritten in the form

S=> 2%, — Y [32d+md)e” + th(”)’], (3.14)
M z

where d is the number of space-time dimensions. Another standard
choice of parameters is obtained by writing

1-2
% = V2K ¢%, mg = A —2d, M= %, (3.15)
which brings S into the form
S=2kY 6000, — 3 [606% + A(620% — 1) (3.16)
Th T

The partition function is given by

Z = (H /_o; d¢>§:> exp S = /Du(¢) exp (%Z(pmw) . (3.17)

where we have introduced an integration measure Du(¢), which is the
product of probability measures du(¢) for a single site,

Du(¢) = [[ di(¢e), du(d) = d"¢ exp[—¢” — A(¢” —1)°].  (3.18)

Note that A has to be positive in order that the integrations [ du(¢)
make sense.

The second form in (3.17) shows Z as the partition function of a
generalized Ising model, a typical model studied in statistical physics.
For A — oo the distribution du(¢) peaks at ¢? =1,

[ (@) F(¢) , [ f(9)
[ du(o) [dQ, ~’

where [ df, is the integral over the unit sphere S™ in n dimensions. In
particular, for n = 1,

S du(®) f()
[ du(o)

Hence, for n = 1 and A — oo we get precisely the Ising model in d

(3.19)

= S + F(-D. (3.20)
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dimensions. For n = 3, d = 3 the model is called the Heisenberg model
for a ferromagnet. The O(n) models on the lattice are therefore also
called (generalized) spin models.

3.3 Phase diagram and critical line

The spin model aspect makes it plausible that the models can be in a
broken (ferromagnetic) or in a symmetric (paramagnetic) phase, such
that in the thermodynamic limit and for zero temperature

(p2) =v* #0, k> Kc(N), (3.21)
=0, k<ke(N). (3.22)

Here k.()) is the boundary line between the two phases in the A-x plane.
We can give a mean field estimate of x. as follows. Consider a site x.
The probability for ¢3 is proportional to du(¢.) exp[2kdg -, (5, , +
¢_4)]- Assume that we may approximate ¢ at the 2d neighbors of x
by their average value, >_ (¢35, + ¢5_;) — 2dv®. Then the average
value of ¢$ can be written as

oy _ J du(9) ¢ exp(drdg®v?)
O =TT du(9) espandgron) 529
By consistency we should have (¢2) = v®, or
0
= % S D=t (3.24)
() = [ du(@)exp(1.6m). (3.25)

The integral z(J) can be calculated anaytically in various limits, nu-

merically otherwise. The basics are already illustrated by the Ising case
n=1, A= o0,

z(J) = z(0) cosh(J), (3.26)

v = tanh(4kdv), n =1, A = co. (3.27)

The equation for v can be analyzed graphically, see figure 3.2. As & \,
Kc, evidently v — 0. Then we can expand

v = tanh(4kdv) = dkdv — 2 (4kdv)® + - -, (3.28)
1
= — 2
Ke = 1o, (3.29)

v o (k= Ke), K\ FKee (3.30)
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k < ke k> ke

tanhu

Fig. 3.2. Mean-field equation u/4dk = tanhu, u = 4dkv, for n =1, A = co.

Analysis for arbitrary n and A leads to similar conclusions,

2(J) = 2(0)(1 + ¢“Jo + 200 Juds + - 11 (3.31)
_ 1 (%)
= z(0) 1+§ - Joado +--+|, (3.32)
where we used the notation
J du(9)F(¢)
Fy, =4~ "7 3.33
\Fh [ du(¢) (3.33)
and
(6*¢7)1 = bap <¢;>1, (3.34)
for the one-site averages. So we find
n n
Ke(A) = 105, =1 A = 00, (3.35)
- 2—1d, A=0. (3.36)

The behavior v? o (k — k) is typical for a second-order phase transi-
tion in the mean-field approximation. The line k = k() is a critical line
in parameter space where a second-order phase transition takes place.
Note that in general m3 is negative at the phase boundary (cf. (3.15)
and figure 3.3). The critical exponent § in

v o (k— Ke)? (3.37)

differs in general from the mean-field value § = % This is the subject

of the theory of critical phenomena, and indeed, that theory is crucial
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0 infty 0 0 infty
broken
symmetric
© symmetric
& N
% 0 0 &
A
broken
broken
0 infty 0 infty
lamda lamda_0

Fig. 3.3. Critical lines in the A — k plane and the m§ — Ao plane (qualitative).

for quantum fields. In four dimensions, however, it turns out that there
are only small corrections to mean-field behavior.

We have restricted ourselves here to the region k > 0. For x < 0 the
story more or less repeats itself, we then get an antiferromagnetic phase
for kK < —kc(A). The region with negative k can be mapped onto the
region of positive x by the transformation ¢ — (—1)%1+22t+raga

It is important that the phase transition is of second order rather than,
for example, of first order. In a second-order transition the correlation
length diverges as a critical point is approached. The correlation length £
can then be interpreted as the physical length scale and, when physical
quantities are expressed in terms of £, the details on the scale of the
lattice distance become irrelevant. The correlation length is defined in
terms of the long-distance behavior of the correlation function,

Gol = (02 60) — (62)(8) (3.38)

x |z —y|?~ e lTvIE g — | = 0. (3.39)

Here £ may in principle depend on the direction we take |z —y| to infinity,
but the point is that it becomes independent of that direction (a lattice
detail) as £ — oco. In the symmetric phase £ is independent of « and .
The exponent 7 is another critical exponent.

The correlation length is the inverse mass gap, the Compton wave
length of the lightest particle, in lattice units,

§=1/am. (3.40)
This can be understood from the spectral representation
Gl = D (0165 |p7) (P|6g|0)e P ) mwen lramual, (3.41)
P,7#0

where |0) is the ground state (vacuum), |py) are states with total mo-
mentum p, distinguished by other quantum numbers v, and wpy, =
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Ep,y — Ep is the difference in energy from the ground state. This repre-
sentation is obtained by writing the path integral in terms of the transfer
operator and its eigenstates in the limit of zero temperature, using trans-
lation invariance (cf. problem (viii) in chapter 2). Expression (3.41) is a
sum of exponentials exp(—wt), t = |x4 — ya|. For large ¢ the exponential
with smallest w dominates, G x exp(—wmint), hence & = 1/wmin, with
Wmin = M the minimum energy or mass gap.

In the broken phase we expect Goldstone bosons (section 3.1). If these
are made sufficiently heavy by adding an explicit symmetry-breaking
term ) ep? to the action (cf. equation (3.11)), we can expect two
mass gaps: m, for the components of G*? parallel to v® and m, for the
components perpendicular to v®. When the explicit symmetry breaking
is diminished, 2m, becomes less than m, and the o particle becomes
unstable, o — 27. Then the large-distance behavior for the ¢ correlation
function is controlled by 2m, rather than by the mass m, of the unstable
particle. Since m is expected to be zero in absence of explicit symmetry
breaking, the transverse correlation length will be infinite in this case
(for infinite volume).

The region near the phase boundary line where £ > 1 is called the
scaling region. In this region, at large distances |z — y/|, the correlation
function G, is expected to become a universal scaling function (inde-
pendent of lattice details, with 1/m as the only relevant length scale
rather than a).

3.4 Weak-coupling expansion

Expansion of the path-integral expectation value
1
(Fo) = 5 [ Doe@F (o), (3.2

1 1 1

Se)=-> {5%0“ W™ + 5mee” + (@), (343)
x

in powers of )y leads to Feynman diagrams in terms of the free propaga-

tor and vertex functions. For simplicity we shall deal with the symmetric

phase, which starts out with m2 > 0 in the weak-coupling expansion.

The free propagator is given by

1
%+Eu(2 —2cospy)’

0B _ ip(z—y)
Gmy 5&6 zp: e m

(3.44)
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GOLB =o0—o0 Gaﬁ( ) = o——— 0
w xa yB P a §
-7
Féyﬁ = —e— I&ﬁ p) = ——
xa yp a B
Xy
ri Lo P

Fig. 3.4. Diagrams for °G, T'(5) and (. Notice the convention of attaching
a small circle at the end of external lines that represent propagators; without
this o the external line does not represent a propagator.

which is minus the inverse of the free second-order vertex function d,35%,
(recall (2.99) and (2.108)), which we shall denote here by °C'(3). In mo-
mentum space

os(p) = —0ap |ma + 2(2 —2cospy)| - (3.45)
o

The bare (i.e. lowest-order) vertex functions OI‘(n) are defined by the
expansion of the action S around the classical minimum ¢% = v,

1 EERY i o1 (5] (e (6%
Slp) =3 ST (2] — o) - (el —v™), (3.46)

Since they correspond to a translationally invariant theory, their Fourier
transform contains a § function expressing momentum conservation mod-
ulo 27 (cf. (2.90)),

Yo emmmmnen Lt = Mo a, (b1 P0) Oyt 0 (347)
T x

In the symmetric phase (v® = 0) there is only one interaction vertex
function, the four point function

Ofgg,% = _2A0(6C¥B6’76 + 6a’y§B6 + 6a66B'y)6wz6wy6wzy
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4 1 4
e s OCX
1234 = +
3
2 2 3
1 4 1 2
X+ XX
3 2 4 3

Fig. 3.5. Diagrams for I'12 and I'1234 to one loop order.

OFal---an (Pl t pn) = —2)\o SafByd, (348)
Safys = 5a3575 + 50(7566 + 50(6567- (3.49)

The free propagators and vertex functions are illustrated in figure 3.4.

It can be shown that disconnected subdiagrams without external lines
(‘vacuum bubbles’) cancel out between the numerator and the denom-
inator in the above expectation values. The expectation values can be
rewritten in terms of vertex functions, which are simpler to study be-
cause they have fewer diagrams in a given order in A\g. The two- and
four-point functions can be expressed as

(parpes) = Golaz =G, (3.50)
(‘Pgll ¢g§¢g§¢33> — G12G34 + G13G24 + G14G23 + G1234, (351)
and the vertex functions I'(;) and I'(4) can be identified by writing

G'? = -T';, (3.52)
G234 — G11’G22’G33’G44’F1,2,3141, (3.53)
where as usual repeated indices are summed. Notice that 123 is zero in

the symmetric phase.
To one-loop order I'15 and I'1234 are given by the connected diagrams
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in figure 3.5,
I'in = 0F12 + %0[‘1234 0G34, (354)
Ti3a = Tioga + 11256 °G% 9GO U134
+ two permutations. (3.55)

In momentum space, we have conservation of momentum modulo 27 at
each vertex. This may be replaced by ordinary momentum conservation
because all functions in momentum space have period 27w anyway. We
find for the two-point vertex function

Falaz (p) = _(m% +ﬁ2)6a1012

1 1
+ = _2>\ Sajasasa 6a (o7 - 356
2( 0) 102003004 34§l:m(2)+l2 ( )
= —Saran[mf +D° + Xo(n +2)I(mo) ], (3.57)

and for the four-point vertex function

Foqozgagcm (P1P2P3P4) = _2A03a1a2a3a4

1 1
+ =(2X\ QSaaaasaaaa =~
2( 0) 1020506 345521:m(2)+l2
y 1
mg +237,(1—cos(l + p1 + pa)y)
+ two permutations (3.58)

= _2A03a1a2a3a4 + 2>‘%t0z1a2a30z4‘](m07p1 +P2)

+ two permutations.

Here

P=2) (1-cosly), (3.59)

and similarly for p?, and (using the condensed notation 612 = 64, q, €tc.)
S1234 = 012034 + 013024 + 14023, (3.60)
t1234 = S125653456 = 012034 (1 + 4) + 2013024 + 2014023.  (3.61)
The functions I and J are given by

T d4l 1

T d4 1
J(mo,P)—/ (27)* {m0+l2}{m0+22 (l—cos(l+P)u)}.
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s = N

l+a+%

Fig. 3.6. Momentum flow.

We assumed an infinite lattice, ., — [ d*l/(27)*. The momentum flow
in the second term in (3.58) is illustrated in fig. 3.6

We are interested in the scaling forms of I and J. Let us therefore
restore the lattice distance a. The functions I and .J have dimensions a =2
and a, respectively. We are interested in a=2I(amg) and J(amy, ap),
for @ — 0. This suggests expanding in powers of a and keeping only
terms nonvanishing as @ — 0. For I we need terms of order a” and
a?, for J only terms of order a®. Consider first I. A straightforward
expansion 1/(a®>m32 + 12) = 3 (—a?m2)"/(1?)"* leads to divergencies
in the loop integrals at the origin [ = 0. There are various ways to deal
with this situation. Here we shall give just one. Intuitively we know that
the region near the origin in momentum space corresponds to continuum
physics. Let us split the integration region into a ball round the origin
with radius 0 and the rest, with a < §. The radius J is sent to zero, such
that, for the integrand in the region |I| < §, we may use the continuum
form [2 for [2. Then

I'=1Iy<s + Liyss, (3.63)

1 2r> [° 1
I — = l3 dl 5 9 . 19
1)< (amo) /M @m*amd +12 ~ (2m)* /0 a*mg + 2

1 22 1 52
{52—a2m%ln<7a mO—l; >]

1672 a’mg

1
= [—a’m21né? + a’*md In(a®m2)] + O(a*, 6?).

1672
(3.64)

With symbols like O(a?) we shall mean terms proportional to a? or

a’lna?. Note that expressing also [ in physical units, | — al, would
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bring a’2I|”<5 into continuum form with a spherical cutoff /a. The
integral I can be expanded in a® without encountering ln(a?mg)

terms,
Ijj>s(amo) = Ijy»5(0) + Il’”>5(0)a2mg +0(a*)
= I(0) + I~ 5(0)a®mg + O(a*, 6%). (3.65)
where I' = 0I/9(a’mj). Instead, we encounter Ind” terms in I} . ;(0).

However, these cancel out against the In 2 term in (3.64) because the
complete integral is independent of 4. So we get

1
I(amg) = Cy — Cra’m? + Fazmg In(a*m3), (3.66)
™
Co = I(0) = 0.154933 . .. (3.67)
T dtl 1 1
=1li - In §° 3.68
=i [/_ﬂ,m @r) ()2 | 16w (3.68)
= 0.0303457 . ... (3.69)

The function J can be evaluated in similar fashion. We need J(amy, ap)
for a — 0. For a = 0 the integral for J is logarithmically divergent at
the origin. To deal with this we use the same procedure,

J=Jy<s + Jjuy>s, (3.70)

d*l 1
Tiies = . (311
<o /l|<5 (2m)* [@*>md + 1?][a®*m? + (I + ap)?] (3.71)

Tuies = /_W GUI S (3.72)
|t]>0 |58 (2m)* (ZZ)2 .

(Jjyj>s can be expanded in powers of a, the term linear in a vanishes).
With the help of the identity

1
[a?m3 + 12][a®>m3 + (I + ap)?]

/1 dx L
o {z[a®m§ + 1]+ (1 - 2)[a®m + (I + ap)*]}?

and the transformation of variable I’ = | + (1 — z)ap we get for the
inner-region integral

! v’ 1
J| =/ d . 3.74
lti<é /0 v /D (2m)* [@®>md + 12 + z(1 — z)a?p?)? (3.74)
Here the domain of integration D is obtained from the ball with radius
0 by shifting it over (1 — z)ap. Replacing D by the original ball with

(3.73)
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radius d leads to an error of order a, which may be neglected. (The
difference between the two integration regions has a volume O(apd®),
the integrand is O(6~*).) Then

J —/ld 2m° /613011 1
M= fo ent o T e@my + P a(l = a)a2p
1

1 52
L 2 2y _ 2Ay_ 97
62 /0 dz [ln(a A+ %) —In(a”A) A +52]

_ 1 2 ! 2 2
= 162 [ln& /0 dx In(a”A) 1] + O(a”), (3.75)
A=m?+z(1 —z)p’ (3.76)

Combining the term In §? /1672 with J;~; as in (3.68) we get

+0(a?).

(3.77)

(We expect errors O(a?), i.e. not O(a): a will appear together with the

external momentum as ap,, or as a’my, and there will not be odd powers
of p, because of cubic symmetry, including reflections.)

Summarizing, we have obtained the following continuum forms for the

1 ' 2/ 2 2 1
J(amo, ap) = 1672 /0 dz In[a®(mg+x(1—2)p*)]+Cs — o

vertex functions (in physical units):
_ 2, .2 Co 2
Faﬁ(p) - _6115 mg +p° + A[)(n + 2) ? — C2m0

1
+ng 1n(a2m%)} } , (3.78)

Fal Qo34 (p1p2p3p4) = _2>\03a1a2a3a4

1 1
+ 2A(2)ta1a2a3a4 {02 -

1672 1672
1
X / dx ln[aQ(mg +z(1—2x)(p1 +p2)2)]}
0
+ two permutations, (3.79)

We see that I'(s) and T'4) are, respectively, quadratically and logarith-
mically divergent as a — 0.

3.5 Renormalization

Perturbative renormalization theory tells us that, when we rescale the
correlation functions G() by a suitable factor Z~"/2 and express them in
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terms of a suitable renormalized mass parameter mg and renormalized
coupling contant Agr, the result is finite as @ — 0. The renormalized
Ggl ) = Z="/2G(M are the correlation functions of renormalized fields
¢r = Z~'/%¢. From (3.53) we see that the renormalized vertex functions
are then given by

Tty =Z"°T(,. (3.80)

The wave function renormalization constant Z and the renormalized
mass parameter mg may be defined by the first two terms of the expan-
sion

Tos(p) = —Z7 ' (mi +p° + O(p*))6ap- (3.81)

Since the one loop diagram for I'(,) is momentum independent, the order
A contribution to Z vanishes in the O(n) model,

Z=1+0(\%). (3.82)

For mpg we find from (3.78)

2ln(a*m3) | . (3.83)

1
m% = mg +Xo(n+2)| Coa % — szg 162

A renormalized coupling constant Ag may be defined in terms of I'(4) at
zero momentum, by writing

rk (0,0,0,0) = —2AR Sa apasas- (3.84)

Q123 0g

From the result (3.79) for the four point function, using (3.82) and

t1234 + t1324 + t1a23 = (0 + 8)51234, (3.85)
we find
+8
AR = Ao + )\0 162 [In(a®*md) + ], (3.86)
1672 1
CcC = _n——I—S (02 - W) . (387)

To express the correlation functions in terms of mg and Ag we consider
AR as an expansion parameter and invert (3.83), (3.86),

mg = m% — /\R(n + 2) |:Cga C2mR + 161 mR ln(a mR)
+0(\%), (3.88)
Mo = A — A2 8[ln(a m2) + |+ O0%). (3.89)
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Inserting these relations into (3.78), (3.79) gives the renormalized vertex
functions

Las(p) = =dap(mf +p?) + O(NR), (3.90)
F§1a2a3a4 (p1p2p3p4) = _2>\R3a1a2a3a4 - 2>\%{ta1a2a3a4
1 1 2 1— 2
X / dr In mg + 'T( g)(pl +p2)
].671—2 0 mR
+ two permutations + O(A%), (3.91)

which are indeed independent of the lattice spacing a. Notice that the
constants Cy, C and Cs are absent: all reference to the lattice has
disappeared from the renormalized vertex functions.

To this order the mass m of the particles is equal to mg. The mass m
is given by the value of —p? where I'(y) is zero and G® has a pole. In
higher orders the mass m will be different from the renormalized mass
parameter mg: m = mg (1 + O(A\3)).

The O(n) tensor structure in (3.84) is the general form of 'y at
a symmetry point where (p1 + p2)® = (p1 +p3)® = (o1 +pa)® = p°.
We can therefore also define a ‘running renormalized coupling’ A(x) at
momentum scale u by

F§1a2a3a4 (p1p2p3p4) = _2>‘(,u)5011 Q2304 ) Symmetry pOint M, (392)
which gives

an+8

A(p) = Ao + AOW

{/01 dr In[a®mf + z(1 — z)a’p®] + c} . (3.93)

Expressing the running coupling in terms of Ag and mg leads to

1
) = Ar + ,\%{267;28 / dzln[l + z(1 — z)p®/m3] + O0(\})
0
= )\R, m =09, (3.94)
n+8
~ AR + A% 62 [In(x®/mk) —2], w®>mk. (3.95)

The running coupling indicates the strength of the interactions at
momentum scale p. Expressing the vertex function (3.91) in terms of
this running coupling shows that, at large momenta, terms of the type
A2 In[(p1 + p2)?/m%] are replaced by A2(u)In[(p1 + p2)?/u?]. So, on
choosing p? equal to values of (p; + p;)? that typically occur in a given
situation, the logarithms are generically not large and the strength of
the four-point vertex on this momentum scale is expressed by A(u).
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3.6 Renormalization-group beta functions

The renormalized quantities do not depend explicitly on the lattice dis-
tance, all dependence on a is absorbed by the relations between mg, Ao
and mg, Ar. Thus it seems that we can take the continuum limit a — 0
in the renormalized quantities. Changing a while keeping mg and Ag
fixed implies that mg and Ag must be chosen to depend on a, as given by
(3.88) and (3.89). We see that a®m? decreases and becomes negative as
a decreases, even in the symmetric phase. This we found earlier in the
mean field approximation. However, the bare g increases as a decreases
and beyond a certain value we can no longer trust perturbation theory
in \g. Neither can we trust (3.89) if @ becomes too small, since then the
coefficient of A% blows up.

Let us look at the problem in another way. Consider what happens
to Ar as we approach the phase boundary at fixed A\g. In (3.86) we may
replace to this order mg by mg,

on+8

AR:AO_F)\OW

[In(a®my) + ] + O(\). (3.96)
We see that Ag decreases as a decreases, but when the logarithm becomes
too large the perturbative relation breaks down. We can extract more
information by differentiating with respect to a and writing the result
in terms of AR,

[ oaxR] IR
Br(Ar) = {a 9a ])\0 = [amﬁ Damr, | 5.
=B A2+ 0N (3.97)
=BiAR + B AR+, (3.98)
n+8
m—§§< (3.99)

The function g (Agr) is one of the renormalization-group functions in-
troduced by Callan and by Symanzik. For a clear derivation of the
Callan-Symanzik equations in our context see [20]. They are dimen-
sionless functions which may be expressed in terms of renormalized ver-
tex functions and are given by renormalized perturbation theory as a
series Y, BxAk. This means that the higher-order terms of the form
MeIn(amg)]' can be rearranged in terms of powers of Ag with coeffi-
cients that do not depend anymore on In(amg). This is the justification
for rewriting (3.97) in terms of \g.



3.6 Renormalization-group beta functions 49

Integration of OAr /0t = —B1 A% gives

T 14 M Bt

where \; is an integration constant, \; = Ao + O(\3). Asa — 0, ¢ — oo
and we see that Ar approaches zero. The approximation of using only
the lowest order approximation to the beta function is therefore self
consistent.

Let us try the beta-function trick on Ag to see whether we can deter-
mine how it depends on a if we keep A fixed. From (3.89) we find

O\
L i } = —fo(do) = —BiIAG+ -+ (3.101)

AR t = —[In(amg) + ¢/2], (3.100)

Note the change of sign compared with (3.98). Integrating this equation
gives
1= At

where Ay = Ag + O(A\}). We see that Ay blows up at the ‘Landau pole’
t = 1/X201, but, of course, before reaching this value the first-order
approximation to Byg(\g) breaks down.

Consider next the beta function 3()) for the running coupling A(u)
on momentum scale pu. From (3.95) we see that, for large u > mg,

Gl

again with the same universal coefficient for the first order term in its
expansion. The solution is similar to that for Ag,

A3
1— X3Py In(p/mg)

The effective coupling A increases with momentum scale . To see if it
can become arbitrarily large we need to go beyond the weak-coupling
expansion.

We end this section by speculating about different shapes of the beta
function By for the bare coupling constant. Two typical possibilities are
shown in figure 3.7. In case (a) there is a fixed point \* that attracts

the flow of \g for increasing ‘time’ t. Near A* we can linearize
oA
a—t“ =—A(o — \Y), (3.105)
Ao — A" = Cexp(—At), t— oo, (3.106)

Ao (3.102)

A= (3.104)
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\ )\'O )\'O

(a) (b)

Fig. 3.7. Two possible shapes of 8y(M\o). The arrows denote the flow of A\ for
increasing ¢t = — In(amr) + constant.

where C' is an integration constant. The large-t behavior can be rewrit-
ten in the form

1 * —v _
&= pr— x (A" =X)7Y, v=1/A, (3.107)

which shows that the critical exponent v is determined by the slope of
the beta function at the fixed point. Since ¢ can go to infinity without
a problem, a continuum limit a — 0 is possible for case (a).

In case (b) the beta function does not have a zero, apart from the
origin A\g = 0. Supposing a behavior

% = AN, Ao — 00, a>0,4>0, (3.108)

leads to the asymptotic solution
AT = —A(a— 1)t - 1), (3.109)

where we assumed « > 1. In this case Ag becomes infinite in a finite
‘time’ t = t;. Since Ag = 00 is the largest value Ag can take, ¢ cannot go
beyond ¢, a cannot go to zero and a continuum limit is not possible.

A similar discussion can be given for the running coupling X. Cases
(a) and (b) also illustrate possible behaviors of the running coupling for
large momentum scales p. In case (a) the running coupling approaches
A\* as g — oo, whereas in case (b) A goes to infinity on some large but
finite momentum scale ;.

A fixed point like A* is called ultraviolet stable as it attracts the
running coupling when p — oo, while the fixed point at the origin is
called infrared stable as it attracts the running coupling for 4 — 0. Case
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(a) is like the situation in three Euclidean dimensions (with a reflection
about the horizontal axis), whereas we shall see in the following that in
four dimensions the situation is like case (b).

The main conclusion in this section is that A\g — 0 as we approach
the phase boundary at fixed sufficiently small Ag. To see whether we can
avoid a noninteracting theory in the continuum limit, we need to be able
to investigate large Ag. This can be done with the hopping expansion
and with numerical simulations.

3.7 Hopping expansion

Consider the partition function in the form
2= [ Duto) [T exvonoos. (3.110)
zp

where Dyu(¢) =[], du(¢.) is the product of one-site measures defined in
(3.18). Expansion in x (hopping expansion) leads to products of one-site

integrals of the form
# sites
| Dut) =2, - ( / du(¢)> (@)

| Du6) 626; = by 2t %1, (3.112)
/Du(¢) ¢o byl =0, (3.113)
[ Duo) 2626262 = zal P8, (3.114)

etc., where # sites is the total number of lattice sites. Odd powers of ¢
vanish in the one-site average

#) = [auo)F@) ] [ duio) (3.115)

Before integration over ¢, each term in the expansion can be represented
by a dimer diagram ‘on the lattice’, as illustrated in fig. 3.8. The dots
indicate the fields ¢. The integration over ¢ leads to diagrams as shown
in fig. 3.9.

The one-site integrals can be treated as a mini field theory, with prop-
agators ¢®” and vertex functions Ya,...as, Yay--ags ---- For instance,
YaBys can be defined by

($*¢7)1 = g7, (3.116)
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(a) (b) (c) (d)

Fig. 3.8. Diagrams in the expansion of exp(2x Zw B Dot

- i
. R

(a) (b) (c) (d)

Fig. 3.9. The diagrams of figure 3.8 after integration over ¢. The fat dot
denotes the four-point vertex va.

(PP p7 %), = g®Pg7° + g¥VgP% + g0 gPT 4¢P (3.117)
gaﬁ'ﬂi = gaa gBB g’Y’Y 966 ’ya’ﬁ”y’é’) (3118)

analogously to (3.53). By O(n) symmetry we have
G

9% =0apg, g="-=, (3.119)
2\2
afyd _ <(¢ ) >1
g SaBdy 7n2 i Qn’ (3.120)
n® ((¢°)*)  n®
= = — 121
Yap~é SaBsy V4, V4 n+2 <¢2>411 <¢2>%7 (3 )

where sa35y = 0apdys + --- has been defined in (3.49). For small A,
44 o A, whereas for A — 0o, 74 — —2n*/(n + 2).

As usual, one expects that disconnected diagrams cancel out in ex-
pressions for the vertex functions, and that the two-point function,
G;’g = (¢g¢§), can be expressed as a sum of connected diagrams. It
is instructive to make an approximation for the two-point function in
which the vertex functions ~y(4), (), .-, are neglected at first. This
leads to the random-walk approximation

o0
Ggg = bap Z(Qn)LgLH(HL)w + ‘interactions’, (3.122)
L=0

illustrated in figure 3.10. Here ‘interactions’ denote the neglected con-
tributions proportional to 7(4), ¥(s), - - - » and we introduced the hopping
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X

Fig. 3.10. Random-walk contribution to the propagator.

matrix

Hyy =Y (Butimv,0 + Ovtu0)- (3.123)
o

Applying this matrix e.g. to the vector d, , gives a non-zero answer only
for w’s that are nearest neighbors of z, i.e. all sites that can be reached
from z in ‘one step’. Applying H once more corresponds to making one
more step in all possible directions, etc. In this way a random walk
is built up by successive application of H. Each link in the expansion
contributes a factor 2k, and each site a factor g. In momentum space

we get
aB T dip ip(z—y) L L
G2 = buy [ e g Y ng HG) (3120
- T
T A ey g
= . ip(z— : 125
’ B/_7r @ 1 — 2kgH (p) (3:129)
where
H(p) = Ze_imHLo = Z 2cospy. (3.126)
@ u

In the random-walk approximation the two-point correlation function
has the free-field form. For small momenta we identify the mass param-
eter mg and the wavefunction-renormalization constant Zg,

o Zy
G (p) = Sas g (3.127)
Zs=(26)"", m} = (2gx)"" —2d. (3.128)

This Zy corresponds to Z, = 1 (cf. (3.15)). When mgr — 0 we enter
the scaling region. In the random-walk approximation this occurs at
k = k¢ = 1/4¢gd, which is the mean field value (3.36). This is not so
surprising as the mean-field approximation is good for d — oo, when
also the random-walk approximation is expected to be good, because
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2

Fig. 3.11. Four random walks correlated by the one site vs.

the chance of self-intersections in the walk, where 7(4), (), --.come
into play, goes to zero. Notice that k. is also the radius of convergence
of the expansion (3.124).

Within the random-walk approximation we have the estimate for the
renormalized coupling (cf. (3.80)) as illustrated in fig. 3.11,

Rl
4K2’
AR — Ao, A—0, (3.130)

—2)\R = Z%y; = (3.129)

2 2
—>(%d> n"+2 — ?;)—2 A oo,d=4,n=4. (3.131)
This indicates already that Ag is not infinite at A = co.

The partition function and expectation values can be expressed as a
systematic expansion in k. This is called the hopping expansion because
the random-walk picture suggests propagation of particles by ‘hopping’
from one site to the next. By the analogy of k with the inverse temper-
ature in the Ising model, the expansion is known in statistical physics as
the high-temperature expansion, or, with increasing sophistication, the
linked-cluster expansion. Using computers to help with the algebra, the
expansion can be carried out to high orders (see e.g. [22] and references
therein).

A good property of the hopping expansion is that it has a non-zero
radius of convergence, for any fixed A € (0,00). This is in contrast to
the weak-coupling expansion, which is an asymptotic expansion (as is
typical for saddle-point expansions) with zero radius of convergence (see
for example [13]). An expansion f(z) = Y o, frz® is called asymptotic
if

fl@) =" fra*| = 0. (3.132)

‘ N
k=0

For fixed finite N the sum gives an accurate approximation to f(x), for
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sufficiently small z. The expansion need not converge as N — oo and
for a given z there is an optimum N beyond which the approximation
becomes worse.

3.8 Liischer-Weisz solution

Using the hopping expansion in combination with the Callan—-Symanzik
renormalisation-group equations, Liischer and Weisz showed how the
O(n) models in four dimensions can be solved to a good approximation
[20, 21, 22, 23]. The coefficients of the hopping series were calculated to
14th order and the Callan-Symanzik beta functions were used to three-
loop order. The cases n = 1 [20, 21] and n = 4 [23] were worked out
in detail. The interested reader is urged to study these lucid papers
which contain a lot of information on field theory. We shall review the
highlights for the O(4) model.

The criticial £.(X) is estimated from the radius of convergence of the
hopping expansion to be monotonically increasing from k. = % at A=0
to ke = 0.30411(6) at A = co. An important aspect of the results is the
carefully estimated errors in various quantities. For simplicity, we shall
not quote the errors anymore in the following. Along the line k = 0.98 k..
in the kK — A plane the hopping expansion still converges well, with the
mass parameter mg decreasing from 0.40 to 0.28 and the renormalized
coupling Ag increasing from 0 to 3.2 as A increases from 0 to oco. At a
slightly smaller k < k. such that mg = 0.5, Ag = 4.3 for A = co.

Remarkably, Ag = 3.2 may be considered as relatively weak coupling.

Let us rewrite the beta function
OAr

MR 5 = Br(AR) = BiAR + B2 AR + -+, (3.133)
mgR

in terms of a natural variable A = 1 \r,

Nty Bes
= =N+ N 3.134
MR, D + 5% + ( )
The results
n+8 In + 42
Bl 87'['2 ) /82 (87T2)2 ) (3 35)

give f2/B7 ~ —0.54. Then \g = 3.2 means A ~ 0.41 and the two-
loop term in (3.134) is only about 20% of the one-loop term. This
indicates that renormalized perturbation theory may be applicable for
these couplings. The next (three-loop) term in the series is again positive
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and Liischer and Weisz reason that the true beta function in this coupling
region may be between the two- and three-loop values.

A basic assumption made in order to proceed is that renormalized
perturbation theory is valid for sufficiently small Ag, even if the bare A
is infinite. This may seem daring if one thinks of deriving renormalized
perturbation theory from the bare weak-coupling expansion. However,
it appears natural from the point of view of Wilson’s renormalization
theory in terms of an effective action with an effective cutoff, or from the
point of view of effective actions, or Schwinger’s Source Theory, which
uses unitarity to obtain higher order approximations in an expansion in
a physical coupling parameter (e.g. Ag)-

Using the beta function calculated in renormalized perturbation the-
ory, Liischer and Weisz integrate the Callan—Symanzik equations toward
the critical point mg = 0. (The variable & is traded for mg.) As we
have seen in (3.100) this leads to the conclusion that the renormalized
coupling vanishes at the phase boundary, which is thus established even
for bare coupling A = oo (!).

The integration is done numerically, using (3.133). Sufficiently deep
in the scaling region we may integrate by expansion,

aiﬁ;f{ = Br(\n), (3.136)
S ﬂj_ér), (3.137)
_ /AR dx[ﬂllﬂ - ,3% +om)|, (3.138)

_ _ﬂllAR _ %ln(ﬁl)\R) +InC +00w).  (3.139)

Here C; is an integration constant, which becomes dependent on the
bare A once the solution is matched to the hopping expansion. (Part
of the integration constant is written as —(82/3%)In3;.) Notice that
knowledge of 5 is needed in order to be able to define C;(\) as Ag — 0.
Eq. (3.139) can also be written as

mp = Cy (B Ar) P2/Pie /P14 O(AR)), (3.140)

which shows that mp depends non-analytically on Ag for Ag — 0.
Liischer and Weisz show that similarly

Z = Co[1+0O(\R)], (3.141)
ke — K = Cam3(Ar)/P1[1 + O(\R)], (3.142)
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where §; is a Callan-Symanzik coefficient similar to the (3’s.
From these equations follow the scalings laws, 7 = 1 — k/k. — O:

mg — Cyr'/?|In7|0/281 (3.143)
2

AR — —1| In7|™*, (3.144)

Z = Cs. (3.145)

We recognize that the behavior (3.144) follows from (3.100). Note that
(3.143) shows that the correlation length critical exponent v has almost
the mean-field value v = %: it is modified only by a power of In 7.

In the scaling limit all information about the renormalized coupling
coming from the hopping expansion is contained in C7()), which in-
creases monotonically with decreasing A. For small bare coupling C;
can be calculated with the weak coupling expansion. In fact, inserting
the expansion (3.86) for Ag into (3.140) and expanding in ¢ leads to

_ ,81le + g—;ln(ﬁl)\o) - g +O0(N). (3.146)
For infinite bare coupling Liischer and Weisz find C}(c0) = exp(1.5).
The fact that C;(\) decreases as A increases corresponds to the intu-
ition that for given mpg, the renormalized coupling increases with A.
Conversely, for given Ag, the smallest lattice spacing (smallest mg) is
obtained with the largest A, i.e. A = oo.

The hopping expansion holds in the region of the phase diagram con-
nected to the line kK = 0, i.e. the symmetric phase. Liischer and Weisz
extended these results into the physically relevant broken phase, where
relations similar to (3.140)—(3.145) were obtained with coeflicients C'
(the Callan—Symanzik coefficients are the same in both phases). They
considered the critical theory at kK = k. and used perturbation theory
in kK — K, or equivalently m%, to connect the symmetric and broken
phases. This is done again using renormalized perturbation theory with
the results

ln Cl ()\)

Ci(\) =1.435C1 (), C53(N\) = Caz(N). (3.147)
Another definition was chosen for the renormalized coupling in the bro-
ken phase, which is very convenient:

AR = vr = Z7 %0 = 2712 (g), (3.148)

203’
where Z, is the wave-function renormalization constant of the Gold-
stone bosons. This choice is identical in form to the classical relation
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between the coupling, mass and vacuum expectation value (cf. (3.10)).
The renormalized coupling in the broken phase cannot be defined at
zero momentum, as in the symmetric phase, because the massless Gold-
stone bosons would lead to infrared divergencies (in absence of explicit
symmetry breaking). Using Z, in the definition of vg allows the identi-
fication of vg with the pion decay constant f, in the application of the
O(4) model to low-energy pion physics, or with the electroweak scale of
246 GeV in the application to the Standard Model.

The renormalization-group equations were numerically integrated again
in the broken phase, this time for increasing mg, until the renormalized
Ar became too large and the perturbative beta function could no longer
be trusted. We mention here the result \g < 3.5 for mg < 0.5, at
A = oo. Hence, also in the broken phase the renormalized coupling is
relatively small even at the edge of the scaling region, taken somewhat
arbitrarily to be at mg = 0.5, and the renormalized coupling goes to
zero in the continuum limit mgr — 0.

Figure 3.12 shows lines of constant renormalized coupling with varying
k/kc for the case n = 1 [21]. For a given Ar we can go deeper into the
scaling region, i.e. approach the critical line k/k. = 1 by increasing the
bare coupling A. This behavior was also found in the weak coupling
expansion, but the results there became invalid as A grew too big. Here
we see that the behavior continues for large A and that the line A = oo
is reached before reaching the critical line. The critical line can be
approached arbitrarily closely only for arbitrarily small renormalized
coupling. It follows that the beta function of the model has to correspond
to case (b) in figure 3.7.

For the O(4) model, the figure corresponding to 3.12 is similar, except
that the values of Ag at a given amp are smaller [23]. The first beta-
function coefficient increases with n, so one expects the renormalization
effects to be larger than for n = 1.

Let us recall here another well-known criterion for a coupling being
small or large: the unitarity bound. This is the value of the renormal-
ized coupling at which the lowest order approximation to the elastic
scattering amplitude 7" becomes larger than a bound deduced from the
unitarity of the scattering matrix S. In a partial wave state of definite
angular momentum (e.g. the s-wave) the scattering matrix is finite di-
mensional, its eigenvalues are phase factors S = exp(i20), with § the
standard phase shifts. Since the lowest order (Born) approximation is
real and T = (S — 1)/i = 2exp(id)sind has a real part € (—1,1), one
requires the Born approximation for |T'| to be smaller than 1. This gives
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Fig. 3.12. Lines of constant renormalized coupling for the case n = 1 deter-
mined by Liischer and Weisz. The lines are labeled by the value of gr = 6Ar.
The bare coupling X increases from 0 to co as the LW parameter A goes from
0 to 1. From [21].

an upper bound on Agr: the unitarity bound. The maximum values of
the renormalized coupling at mgr = 0.5 turn out to be smaller than the
unitarity bound (in the broken phase the maximum Ay is only about
two thirds of this bound).

Summarizing, the results show that the O(n) models (in particular
the cases n = 1 and 4) in four dimensions are ‘trivial’: the renormalized
coupling vanishes in the continuum limit. Since we want of course an
interacting model we cannot take the lattice distance to zero. The model
is to be interpreted as an effective model that is valid at momenta much
smaller than the cutoff # (r/a in physical units). For not too large
renormalized coupling the cutoff can be huge and lattice artifacts very
small. At the scale of the cutoff the model loses its validity, and in
realistic applications new physical input is needed. Where this happens
depends on the circumstances. The relevance of these results for the
Standard Model will be discussed later.

3.9 Numerical simulation

With numerical simulations we get non-perturbative results albeit on
finite lattices. Simulations provide furthermore a valuable kind of insight
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into the properties of the systems, which is complementary to expansions
in some parameter.

The lattice is usually taken of the form N2 x N;, with N = 4,6,8, ...,
and N; of the same order. For simplicity we shall assume that Ny = N
in the following. For the O(4) model sizes 10* — 16* are already very
useful. Expectation values

©) =5 [ Dé exrls(#)] 00) (3.149)

are evaluated by producing a set of field configurations {¢%};, 7 =
1,..., K, which is distributed according to the weight factor exp S(¢),
giving the approximate result

K
(0)~ O % S 0(6)), (3.150)
j=1
with a statistical error oc 1/v/K. The ensemble is generated with a
stochastic process, e.g. using a Metropolis or a Langevin algorithm. We
shall give only a brief description of the Monte Carlo methods and the
analysis of the results. Monte Carlo methods are described in more
detail in [4, 6, 10].

For example, a Langevin simulation produces a sequence ¢3 ,,, n =
1,2,..., by the rule

85 (6
a1 = P +0 aéf ) +v20n2,, (3.151)

where g, are Gaussian pseudo-random numbers with unit variance and
zero mean,

(ng,n> =0, (n?,nng’,n’> = 0aa’ 6zz’6nn’, (3152)

and § is a step size related to the Langevin time ¢ by t = dn. It can
be shown that as t — oo, the ¢’s become distributed according to the
desired exp S(¢), up to terms of order § (cf. problem (viii)). Using a
small § such as 0.01, the system reaches equilibrium after some time,
in units related to the mass gap of the model, and configurations ¢;
may be recorded every At = 1, say. The finite  produces a systematic
error, which can be reduced by taking ¢ sufficiently small, or by using
several ¢’s and extrapolating to § = 0. The configurations j and j + 1
are usually correlated, such that the true statistical error is larger than
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the naive standard deviation

K
=3(06) ~0)’ (3.153)

j=1
but there are methods to take care of this.

The Metropolis algorithm is often preferred over the Langevin one,
since it does not suffer from systematic step-size errors o< § and it is
often more efficient. Research into efficient algorithms is fascinating and
requires good insight into the nature of the system under investigation.
New algorithms are being reported every year in the ‘Lattice proceed-
ings’.

Since the lattices are finite, we have to take into account systematic
errors due to scaling (O(a)) violations and finite-size (L) effects (L =
Na). It is important to determine these systematic errors and check that
they accord with theoretical scaling and finite-size formulas. We can
then attempt to extrapolate to infinite volume and zero lattice spacing.

Typical observables O for the O(n) models are the average ‘magnetiza-
tion’ ¢ = 3" ¢%/N*, the average ‘energy’ —S/N*, which reduces to the
average ‘link’ 37, #5¢%, ;/4N* in the limit A — oo, and products like
¢g¢5 giving correlation functions upon averaging. The free energy F' =
—1In Z itself cannot be obtained directly by Monte Carlo methods, but
may be reconstructed, e.g. by integrating 0F/0k = —Q(Zw oY g+,1>-

The correlation function G35 = (¢%¢5) — (¢2)(¢5) is used to de-
termine the masses of particles. With periodic boundary conditions it
depends only on the difference x — y. For example, in the symmetric
phase the spectral representation can be written as

e G0 = D010 I, N[ nnt 4 e ] (3154
X Y

where finite temperature (finite N;) corrections of the form o (p'y'|¢% |p7)
have been neglected. Choosing zero momentum p, one may fit the prop-
agator data for large t and Ny — ¢ to

Rcosh[m(t—%ﬂ, R:|(0|¢a|0a)|2exp<—m%>, (3.155)

where m = wmin is the mass of the particle with the quantum numbers of
¢“. Tt is assumed that the contributions of the next energy levels w’ with
the same quantum numbers (such as three particle intermediate states),
which have relative size exp[—(w’ —m)t], can be neglected for sufficiently
large times. Alternatively, one can try to determine the renormalized
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Fig. 3.13. Finite-size dependence of m and gr = 6Ar in a simulation in the
symmetric phase (L = N, A = co). The full circles correspond to a finite-size
dependence expected from renormalized perturbation theory. From [24].

mass and wave-function renormalization constant in momentum space
from eq. (3.81), but this does not give the particle mass directly. Ounly
when the particle is weakly coupled is mg =~ m. The higher-order cor-
relation functions (such as the four point functions) require in general
much better statistics than do the propagators.

For illustration we show first some early results in the symmetric
phase. Figure 3.13 shows the particle mass and the renormalized cou-
pling gr = 6Ag as functions of the spatial size N in a simulation at
infinite bare coupling [24]. We see that the interactions cause the finite-
volume mass to increase over the infinite-volume value (the linear extent
in physical units, Lm, changes by roughly a factor of two). The results
for the coupling constant roughly agree within the errors with those ob-
tained by Liischer and Weisz using the hopping expansion. Figure 3.14
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Fig. 3.14. Dressed propagator in momentum space plotted as a function of
>, 4sin®(p./2), at mg = —24.6, Xo = 100. From [25].

shows a result [25] for the dressed propagator (correlation function) an-
alyzed in momentum space. The fact that the propagator resembles so
closely a free propagator, apart from renormalization, is an indication
that the effective interactions are not very strong, despite the large bare
coupling.

The broken phase is physically more interesting. Although there is
rigorously no phase transition in a finite volume, the difference between
the symmetric- and broken-phase regions in parameter space is clear
in the simulations. The phase boundary is somewhat smeared out by
finite-volume effects. In the broken phase of the O(n) model for n > 1,
there is a preferred direction, along (¢®) = v® # 0, and one considers
the longitudinal and transverse modes G, = v~ 2v*v’G* and G, =
(6ap — v 200P)G¥ /(n — 1). The latter correspond to the Goldstone
bosons. The ¢ particle can decay into the 7 particles, which leads to
complications in the analysis of the numerical data. The Goldstone
bosons lead to strong finite-size effects. Finite-size effects depend on the
range of the interactions, the correlation length, which is infinite for the
Goldstone bosons. However, the finite size also gives a non-zero mass
to the Goldstone bosons. These effects have to be taken into account in
the analysis of the simulation results. The theoretical analysis is based
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Fig. 3.15. Qualitative illustration of the probability distribution of ¢* at finite
volume for n = 2 in the symmetric phase (left) and the broken phase (right).

on effective actions, using ‘chiral perturbation theory’ or ‘renormalized
perturbation theory’.

Consider the magnetization observable ¢* = Y L O3 IN 4. An impres-
sion of its typical distribution is illustrated in figure 3.15. The difference
between the symmetric and broken phase is clear, yet the figure sug-
gests correctly that the angular average leads to (¢®) = 0 also in the
broken-phase region. In a finite volume there is no spontaneous symme-
try breaking. To formulate a precise definition of v®, we introduce an
explicit symmetry-breaking term into the action, which ‘pulls’ the spins
along a direction, say 0,

AS =€ ¢9, (3.156)
T
and define
v¥ = lim lim (¢%), (3.157)
e—0L—o00

where the order of the limits is crucial. To understand this somewhat

better, one introduces the constrained effective potential V1,(¢), which is
obtained by integrating over all field configurations with the constraint
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5 =¥, 62/LY,
exp(— LV, (9)) = D¢exp[s<¢>]6<¢a—2¢z/ﬁ>, (3.158)

such that
Z = /dnq‘s exp[-L*'Vi(8)] , (3.159)

and

_ [ d"d exp[-LYR()] 3
[ dr¢ exp[—L*Vi,(¢)]

The fact that the effective potential comes with a factor L* is easily

understood from the lowest-order approximation in A — 0, which is

obtained by simply inserting the constant ¢® for ¢ in the classical
action,

S(3) = —LViL(d) = —N4(1 — 8k)* + A(3* — 1)2 —d°],  (3.161)

(0%)

(3.160)

where we used the form (3.16) of the action in lattice units. In this
classical approximation the constraint effective potential is independent
of L. The exact contraint effective potential is only weakly dependent
on L, for sufficiently large L, and as L increases the integrals in (3.160)
are accurately given by the saddle-point approximation, i.e. by the sum
over the minima of Vi, (¢). In absence of the € term there is a continuum
of saddle points and (¢*) = 0 even in the broken phase. A unique saddle
point is obtained, however, for non-zero e. If we let € go to zero after
the infinite-volume limit, (¢®) remains non-zero. For more information
on the contraint effective potential, see e.g. [26].

This technique of introducing explicit symmetry breaking is used in
simulations [27] as shown in fig. 3.16. A simpler estimate of the infinite-
volume value v of the magnetization is obtained with the ‘rotation
method’, in which the magnetization of each individual configuration
is rotated to a standard direction before averaging. The resulting (|¢|)
can be fitted to a form v + constant x N 2.

As a last example we show in fig. 3.17 results on the renormalized
coupling v/2Ag = mg /vr [28]. Data are shown for the action considered
here (the ‘standard action’) and for a ‘Symanzik-improved action’. We
see that the data for the standard action agree with the results obtained
with the hopping expansion in the previous section, within errors. The
Symanzik-improved action has next-to-nearest-neighbor couplings such
that the O(a?) errors are eliminated in the classical continuum limit.
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left-hand corner. From [27].
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Fig. 3.17. Results on m,/F = m,/vr as a function of the correlation length
1/m., for the ‘standard (usual) action’ (lower data) and a ‘Symanzik-improved
action’ (upper data). The crosses are results of Liischer and Weisz obtained
with the hopping expansion. The bare coupling A = oco. The curves are
interpolations based on renormalized perturbation theory. From [28].
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It is not clear a priori that this leads to better scaling in the quantum
theory, because the scalar field configurations that contribute to the path
integral are not smooth on the lattice scale, but it is interesting that the
different regularization leads to somewhat larger renormalized couplings
for a given correlation length.

In conclusion, the numerical simulations have led to accurate results
which fully support the theoretical understanding that the O(n) models
are ‘trivial’.

3.10 Real-space renormalization group and universality

One of the cornerstones of quantum field theory is universality: the
physical properties emerging in the scaling region are to a large extent
independent of the details of formulating the theory on the scale of the
cutoff. The physics of the O(n) models is expected to be independent
of the lattice shape, the addition of next-nearest-neighbor couplings,
next-next-nearest-neighbor couplings, ..., or higher-order terms (¢?)*,
k=3,4,... (of course, in its Ising limit or non-linear sigma limit where
#? = 1 such higher order terms no longer play a role). More precisely, the
physical outcome of the models falls into universality classes, depending
on the symmetries of the system and the dimensionality of space-time.
Our understanding of universality comes from the renormalization group
a la Wilson [29, 30] (‘block spinning’, see e.g. [11]), and from the weak
coupling expansion. We shall sketch the ideas using the one component
scalar field as an example, starting with the block spinning approach
used in the theory of critical phenomena.

In the real space renormalization group method one imagines inte-
grating out the degrees of freedom with wave lengths of order of the
lattice distance and expressing the result in terms of an effective action
for the remaining variables. On iterating this procedure one obtains the
effective action describing the theory at physical (> a) distance scales.
Let ¢z be the average of ¢, over a region of linear size s around Z,

¢z =Y Brotu (3.162)

The averaging function B(Z, ) is concentrated near sites Z on a coarser
lattice that are a distance s apart in units of the original lattice. We
could simply take values Z, = 2x,, with B, ; = 2 E” 0z+4,2 (‘blocking’),
or a smoother Gaussian average B = z Y. exp(—(z — £)?/2s), with
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suitable normalization factors z. The effective action S is defined by

oS(0) — /D¢ oS(@) H(;(% — ZBM@) , (3.163)
and it satisfies
/D&e%) :/D¢es<¢>. (3.164)

After a few iterations the effective action has many types of terms, so
one is led to consider general actions of the form

S(¢) =Y KoOa(9). (3.165)

Here O, denotes terms of the schematic form (9,00, ¢)*, (¢*), ... (k =
1,2,...). The new effective action can then again be written in the form

S(4) =D KaOa(d). (3.166)

The scale factor z in the definition of the averaging function B is chosen
such that the coefficient of 8ﬂ¢_)8ﬂ¢_) is equal to %, in lattice units of
the coarse Z lattice, in order that the new coefficients K, do not run
away after many iterations. Because of the locality of the averaging
function one expects the action S to be local too, i.e. the range of the
couplings in S is effectively finite, and one expects the dependence of
the coefficients K, on K, to be analytic. One iteration thus constitutes

a renormalization-group transformation

K, =T,(K). (3.167)
We can still calculate correlation functions and quantities of physical
interest with the new fields ¢. For these the highest-momentum con-
tributions are supressed by the averaging, as can be seen by expressing
them in terms of the original fields ¢, but contributions from physical
momenta which are low compared to the cutoff are unaffected. In par-
ticular the correlation length in units of the original lattice distance is
unchanged. However, in units of the Z lattice distance the correlation
length is smaller by a factor 1/s. Each iteration the correlation length
is shortened by a factor 1/s and when it is of order one we imagine
stopping the iterations. We can then still extract the physics on the
momentum scales of order of the mass scale. If we want to discuss scales
ten times higher, we can stop iterating when the correlation length is
still of order ten.
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In the infinite dimensional space of coupling constants K, there is a
hypersurface where the correlation length is infinite, the critical surface.
We want to start our iterations very close to the critical surface because
we want a large correlation length on the original lattice, which means
that we are able to do many iterations before the correlation length is
of order unity. If there is a fixed point K™,

T (K*) = K%, (3.168)

then we can perform many iterations near such a point without changing
the K, very much. At such a fixed point the correlation length does not
change, so it is either zero or infinite. We are of course particularly
interested in fixed points in the critical surface. Linearizing about such
a critical fixed point (on the critical surface),

Ro— Ko = Mag(Ks — K5), Map =[0Ta/0Kg]j_p.,  (3.169)

it follows that the eigenvalues A; of My determine the attrative (A; < 1)
or repulsive (A\; > 1) directions of the ‘flow’. These directions are given
by the corresponding eigenvectors e, which determine the combinations
e Oq.

One expects only a few repulsive eigenvalues, called ‘relevant’, while
most of them are attractive and called ‘irrelevant’. Eigenvalues \; = 1
are called marginal. Further away from the fixed point the attractive and
repulsive directions will smoothly deform into attractive and repulsive
curves. The marginal directions will also turn into either attractive or
repulsive curves.

Let us start the iteration somewhere on the critical surface. Then
the flow stays on the surface. Suppose that the flow on the surface is
attracted to a critical fixed point K*. Next let us start very close to
the critical surface. Then the flow will at first still be attracted to K*,
but, since with each iteration the correlation length decreases by a factor
1/s, the flow moves away from the critical surface and eventually turns
away from the fixed point. Hence the critical fixed point has at least
one relevant direction away from the critical surface.

Suppose there is only one such relevant direction (and its opposite
on the other side of the critical surface). Then, after many iterations
the flow just follows the flow-line through this relevant direction. The
physics is then completely determined by the flow-line through the rel-
evant direction: the physical trajectory (also called the renormalized
trajectory). To the relevant direction there corresponds the only free pa-
rameter we end up with: the ratio cutoff/mass, A/m (where A = 7/a).
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This ratio is determined by the initial distance to the criticial surface, or
equivalently, by the the number of iterations and the final distance to the
critical surface where we stop the iterations. However, the mass just sets
the dimensional scale of the theory and there is no physical free param-
eter at all under these circumstances. All the physical properties (e.g.
the renormalized vertex functions and the renormalized coupling Agr) are
fixed by the properties of the physical trajectory. On the other hand,
each additional relevant direction offers the possibility of an additional
free physical parameter, which may be tuned by choosing appropriate
initial conditions.

Many years of investigation have led to the picture that there is only
one type of critical fixed point in the O(n) symmetric models, which has
only one relevant direction corresponding to the mass as described above,
and one marginal but attractive direction corresponding to the renor-
malized coupling. This means that eventually the renormalized coupling
will vanish after an infinite number of iterations (triviality). This is the
reason that the fixed point is called ‘Gaussian’, for the corresponding ef-
fective action is quadratic. However, because the renormalized coupling
is marginal and therefore changes very slowly near the critical point, it
can still be substantially different from zero even after very many itera-
tions (very large A/m ratios). With a given number of iterations we can
imagine maximizing the renormalized coupling over all possible initial
actions parametrized by K, giving an upper bound on the renormalized
coupling. Within its upper bound the renormalized coupling is then still
a free parameter in the models. The situation is illustrated in fig. 3.18.

For the massless theory the correlation length is infinite, so we start
on the critical surface. The flow is attracted to K*, which determines
the physics outcome. The marginally attractive direction corresponds
in the massless case to the running renormalized coupling A() at some
physical momentum scale . Each iteration the maximum momentum
scale is lowered by a factor 1/s and, after many iterations, the ratio
(maximum momentum scale)/cutoff is very small. We stop the iteration
when the maximum momentum scale is of order u. For a given number
of iterations the running coupling can still vary within its upper bound.
As the number of iterations goes to infinity, u has to go to zero and
A(p) — 0 because the flow along the marginal direction is attracted
to zero coupling. So the massless theory can be defined by taking the
number of iterations (oc A/u) large but finite, and A(u) — 0 as p — 0.

The critical fixed points of the real-space renormalization group trans-
formation give a very attractive explanation of universality.
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Fig. 3.18. Renormalization group-flow in ¢* theory. The line C represents
the ‘canonical surface’ of actions of the standard form S=2k3%,  ¢odatp —

S.[62 + A(¢2 — 1)?]. The line P represents the physical trajectory. Direction
1 is an irrelevant direction, direction 2 represents the marginal direction cor-
responding to the renormalized coupling. Shown are two flows starting from
a point in C, one near the critical surface and on this surface.

3.11 Universality at weak coupling

To formulate a general action at weak coupling we start with the form
(3.16) and first make a scale transformation ¢ = ¢'/+/A, which brings
the action into the form

S(¢') = % > l2n2¢;¢;+ﬁ — 92— (02 —1)?]. (3.170)
z o

We see that A appears as a natural expansion parameter for a saddle-
point expansion, while the other coefficients in the action are of order
one in lattice units. A natural generalization is given by

S@)=3 % [2»: PRSP A (3.171)
z Iz

p<v
oo
1 12 !2 I2k
+ Y Bt Y G b = Y vad |
Iz 7 k=1

which still has the symmetry ¢ — —¢. The coefficients in this expression
are supposed to be of order 1.
The parameter A enters in the same place as Planck’s contant i when
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we introduced the path-integral quantization method, before we set it
equal to 1. It can be shown that the expansion in powers of i corresponds
to an expansion in the number of loops in Feynman diagrams. For this
reason the weak-coupling expansion is called the semiclassical expansion.

For convenience in the following we shall use the original continuum
motivated parametrization (3.13) with the field ¢ = ¢/v/2x and rewrite
(3.171) in the form

1 1
S = N Zl Ol Oupl, + z@ugom uapx “+ Zugk 02 ]

= —Zl OupeOupr + X020, 0005 + -+ + ZA'“ 11@%@5’“] :

(3.172)

where ¢' = /Aop. Here again the coefficients z, ..., and uyy are sup-
posed to be dimensionless numbers of order unity, with the exception of
ua which becomes m2. = O()\g) at the phase boundary (this is special to
the continuum parametrization). It is instructive to rewrite the generic
action (3.172) in physical units,

1
S=- Z (56;1%06#‘1% + GQ/\Ozau‘Piau‘Pi +

T

+Za2k4)\§1U2k¢§k> , (3.173)
k

where now 9,0, = (Pz4a, — ¢z)/a and ) contains a factor a*. The
higher-dimensional operators are accompanied by powers of the lattice
distance a such that the action is dimensionless.

In the classical continuum limit @ — 0 we end up with just the ¢*
theory, with us chosen such that m? = 2uza~2 remains finite. In other
words, the bare two- and four-point vertex functions take their usual
continuum limits and the higher order bare vertex functions vanish. In
non-trivial orders of the semiclassical expansion, the powers of a in the
bare vertex functions can be compensated by the divergencies in the loop
diagrams. For example, consider the effect of the term — Y Ajuga®¢8
on the four-point vertex at one loop order as given by the diagram in
figure 3.19. The bare vertex function in momentum space is —6! \2uga?
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Fig. 3.19. Contribution of the bare six-point vertex to I'(4).

and the contribution to I'(4) is given by

. ) w/a d4l 1
—56!\
20 AoUed /ﬁ/a (2m)4 mZ + a2 >, (2—2cosaly)

1 2
= — 56!/\0u600,

(3.174)
in the limit @ — 0 (the constant Cy was defined in (3.67)).

By looking at more examples one may convince oneself that the higher
order bare vertex functions just lead to new expressions for the vertex
functions in terms of the coefficients in the action, which have, however,
the same momentum dependence as before. All lattice artifacts end up
in contants like Cy, and in the relation between Ar and m%{ to A\g and
m2, such that the renormalized vertex functions, once expressed in terms
of the renormalized coupling Ag and renormalized mass parameter mg,
are universal, order by order in perturbation theory.

There is one aspect worth mentioning: the effect of the lattice symme-
tries. Consider the two point vertex function in one-loop order, which
has the form L'(5)(p) = a~>f(ap,amp) on dimensional grounds. For
a — 0 this takes the form a=?(7a*m3 + 7,,a’p,p,) + logarithms. We
have seen in section 3.4 how the logarithms emerge from the integra-
tion over the loop variable near the origin in momentum space where
the lattice expressions take their classical continuum form: the terms
containing logarithms are covariant under continuous rotations. What
about the polynomial 7,,p,p,? Its coefficient 7,, depends on lattice
details, the loop integrations over the cosines near the edge of the Bril-
louin zone in momentum space. Here the lattice symmetries come to
help. The polynomial has to be invariant under the cubic rotations

RP?) s m, o kg, By = —Tp, Tustpe — Ty (3.175)
and axis reversals
1Pz, — —x,, Tusy = T4 (3.176)

There is only one such polynomial: p*> = p? + --- + p3. So the lattice
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symmetries and dimensional effects are important in order to get covari-
ant renormalized vertex functions. Dimensional analysis showed that
the above polynomial is at most of second order and even in p, — —p,
because of axis-reversal symmetry. Note that there is more than one
fourth-order polynomial 7, DxPAPuPy that is invariant under the lat-
tice symmetries. Such polynomials go together with dimensional cou-
plings, such as cutoff effects o< a?
terms, because they correspond in position space to Dirac delta functions
and derivatives thereof.

If we destroy the space-time symmetry of the lattice, e.g. by having
different couplings in the space and time directions, then we may have
to tune the couplings in the action to regain covariance in the scaling
region.

. The polynomials are called contact

3.12 Triviality and the Standard Model

Arguments that scalar field models are trivial in the sense that they be-
come non-interacting when the regularization is removed were first given
by Wilson, using his formulation of the renormalization group [29, 30].
The arguments imply that triviality should hold within a universality
class of bare actions, e.g. next-to-nearest-neighbor couplings, .... In the
previous sections we reviewed some calculations and numerical simula-
tions leading to accurate determination of the renormalized coupling in
the O(4) model in the broken phase. The O(4) model may be identified
with the scalar Higgs sector of the Standard Model, and we shall now
review the implications and applications of triviality.

First we review how the O(4) model is embedded in the Standard
Model. The action for the Higgs field is given by

S = / 2'2[(Duo) Dy + mioto + Mo(ol0)?], (3.177)

1
D,y = (au - ig1§Bu - ngW[f%’“> 0, (3.178)

where 7, are the Pauli matrices, ¢ = (py,pq)" is the complex Higgs
doublet and B,,, and W,’f are the U(1) x SU(2) electroweak gauge fields.
Setting the gauge couplings to zero, the action becomes equivalent to
the O(4) model,

—— / 04210, B + 2ot o + Mol )?] (3.179)
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]' (a7 (a7 m2 o o AO o o
=—/d4w[§3uso P +7°<,0 @ +Z(<,0 ©)?|,

1 2 - 1 1 0 ;3
w = —=(¢° +ip), = —(p" —1ip”). 3.180
4 \/5(90 © ), Pa \/5(90 ©°) ( )

The Higgs field enters also in Yukawa couplings with the fermions. In
terms of a matrix field ¢ defined by

6= \/5( Y “"“) , (3.181)
—Pu Pd
=0 +ipkm, =pV, VeSU(?2), p>0, (3.182)

the Yukawa couplings to the quarks can be expressed as

Sy = _/d41' &cg(PRQSyg + ngL¢T)¢cg~ (3'183)

Here P, g = (1 F5)/2 are the projectors on the left- and right-handed
fermion fields and the summation is over the QCD colors ¢ and genera-
tions g. The Yukawa couplings y are diagonal in SU(2) doublet space,
¥ =yu(14+73)/24+y4(1—73)/2. The Yukawa couplings to the leptons are
similar (in the massless neutrino limit the right-handed neutrino fields

decouple).
If we insert the vacuum expectation value of the scalar field
1 /0
= — , 3.184
= ul0) .
¢ =vll, (3.185)

in the action, we find the masses of the vector bosons W and Z and
the photon A, from the terms quadratic in the gauge fields, and the
masses of the fermions from the Yukawa couplings. Choosing renormal-
ization conditions such that the ‘tree-graph’ relations remain valid after
renormalization, we have

m%/V = iggR ’U12?u m2Z = i(g%R + ggR) UIQ{) ma = 07 (3186)

mf=yrfUR, Mip =2 RV, (3.187)
where f denotes the fermion. From experiment we know

vR = 246 GeV, ¢ir = 0.34, ¢or = 0.64. (3.188)

The electroweak gauge couplings are effectively quite small (recall the
typical factors of g?/m? that occur in perturbative expansions). The
Yukawa couplings are generally much smaller, as follows from (3.187)
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and the fact that the fermion masses are generally small (< 5 GeV)
on the electroweak scale. Even the much heavier top quark, which has
a mass of about 175 GeV has a Yukawa coupling y; =~ 0.71, which is
not very large either. The (running) QCD gauge coupling of the strong
interactions is also relatively small on the electroweak scale of 100 GeV:
g3r ~ 1.2.

To discuss the implications of triviality of the O(4) model, let us as-
sume for the moment that all the gauge and Yukawa couplings can be
treated as perturbations on scales vy or higher. Furthermore, assume
that the Higgs mass is non-zero (we shall comment on these assumptions
below). It then follows from the triviality of the O(4) model that the
Standard Model itself must be ‘trivial’. Because a non-zero Higgs mass
implies Ag # 0, the triviality leads to the conclusion that the regulariza-
tion cannot be removed completely. Consequently the model must lose
its validity on the regularization scale. New physical input is required
on this momentum or equivalent distance scale.

It would obviously be very interesting if we could predict at which scale
new physics has to come into play. To some extent this can be done as
follows. If the Higgs mass is not too large such that Ag = m¥/2vg is in
the perturbative domain, we can use eq. (3.140) to calculate the cutoff
A = 7/a in the lattice regularization,

A = myuC(BiAr)?/5 exp(1/B8Ar)[L + OO\R)], (3.189)

where C' = w/C{(Ag). The constant C} is minimal, hence A maximal,
for infinite bare coupling Ag. We shall assume this in the following, with
C}(c0) = 6.4 (the value obtained by Liischer and Weisz). As an example,
myu = 100 GeV gives Ag = 0.083 and A = 7x103% GeV. This value for A
is far beyond the Planck mass O(10*?) GeV for which gravity cannot be
neglected. Certainly new physics comes into play at the Planck scale, so
effectively the regulator scale for my = 100 GeV may be considered to be
irrelevantly high. On the other hand, when my increases, A decreases.
When Ag becomes too large eq. (3.189) can no longer be trusted, but we
still have non-perturbative results for Ag and the corresponding A/my
anyhow. For example, for myy = 615 GeV (mu/vg = 2.5) figure 3.17
shows that 1/amp =~ 3; hence A ~ 3mmy = 5800 GeV, for the standard
action. For the Symanzik-improved action this would be A ~ 8300 GeV.

So we can compute a cutoff scale A from knowledge of the Higgs
mass, but this A is clearly regularization dependent (the dependence
of C'in (3.189) on A also indicates a regularization dependence, cf. ¢
in eq. (3.146)). For values of my deep in the scaling regime A is very
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sensitive to changes in myy, but at the edge of the scaling region, e.g. for
A/my = 6, this dependence is greatly reduced.

This supports the idea of establishing an upper bound on the Higgs
mass: given a criterion for allowed scaling violations, there is an upper
bound on my [31]. For example, requiring A/mu > 27 (amu < 1),
we get an upper bound on myg from results like figure 3.17. This
should then be maximized over all possible regularizations. Figure 3.17
shows that the standard and Symanzik-improved actions give the bounds
mi/ vrS2.7 and 3, respectively. A way to search through regularization
space systematically has been advocated especially by Neuberger [32].
To order 1/A? all possible regularizations (including ones formulated in
the continuum) can be represented by a three-parameter action on the
F, lattice, which has more rotational symmetry than does the hypercu-
bic lattice. It is believed that the results of this program will not lead
to drastic changes in the above result my/vg S3.

The Pauli—Villars regularization in the continuum appears to give
much larger A’s than the lattice [33]. The problem with relating var-
ious regularization schemes lies in the fact that it is not immediately
clear what the physical implications of a requirement like A/my > 27
are. One may correlate A to regularization artifacts (mimicking ‘new
physics’) in physical quantities, such as the scattering amplitude for
the Goldstone bosons. Requiring, in a given regularization, that such an
amplitude differs iby less than 5%, say, from the value obtained in renor-
malized perturbation theory, would determine A and the corresponding
upper bound on my in that regularization. The significance of such
criteria is unclear, however.

At this point it is useful to recall one example in which nature (QCD)
introduces ‘new physics’. The O(4) model may also be interpreted as
giving an effective description of the three pions, which are Goldstone
bosons with masses around 140 MeV due to explicit symmetry break-
ing. The expectation value vy is equal to the pion decay constant,
vr = fr = 93 MeV. The analog of the Higgs particle is the very broad
o resonance around 900 MeV. The low-energy pion physics is approxi-
mately described by the O(4) model. However, since m, /ug = 10 is far
above the upper bounds found above, the cutoff needed in this applica-
tion of the O(4) model is very low, probably even below m,, and the
model is not expected to describe physics at the o scale. Indeed, there
is ‘new physics’ in the form of the well-known p resonance with a mass
of 770 MeV and width of about 150 MeV.

Let us now discuss the assumptions of neglecting the effect of the gauge
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and Yukawa couplings. The gauge couplings g2 3 are asymptotically free
and their effective size is even smaller on the scale of the cutoff. So
it seems reasonable that their inclusion will not cause large deviations
from the above results. The U(1) coupling ¢; is not asymptotically free
and its effective strength grows with the momentum scale. However, its
size on the Planck scale is still small. If we accept not putting the cutoff
beyond the Planck scale anyway, then also the gauge coupling g; may
be expected to have little influence. The same can be said about the
Yukawa couplings, which are also not asymptotically free (possibly with
the exception of the top quark coupling).

These expectations have been studied in some detail. An important
result based on O(4) Ward identities is that relations like m%, = g3vi /4
are still valid to first order in g2 on treating the Higgs self-coupling non-
perturbatively [31, 34]. This may be seen as justifying a definition of
the gr such that (3.186) is exact.

Of course, it is desirable to verify the above expectations non-perturbatively.
A lattice formulation of the Standard Model is difficult because of prob-
lems with fermions on a lattice (cf. section 8.4). However, lattice formu-
lations of gauge-Higgs systems and to a certain extent Yukawa models
are possible and have been much studied over the years. The lattice
formulation of gauge-Higgs systems has interesting aspects having to do
with the gauge-invariant formulation of the Higgs phenomenon, presen-
tation and discussion of which here would lead too far [35].

It turns out that the Yukawa couplings are also ‘trivial’ and that the
maximum renormalized coupling is also relatively weak, see for example
[36]. Numerical simulations have set upper bounds on the masses of
possible hitherto undiscovered generations of heavy fermions (including
heavy neutrinos), as well as the influence of such generations on the
Higgs-mass bound.

Finally, the assumption made above, namely that myg # 0, is justified
by theoretical arguments for a lower bound on mpyg, which are based
on the effect that the fermions and gauge bosons induce on the Higgs
self-couplings (for reviews, see [37, 38]).

3.13 Problems

(i) Siz-point vertex
Determine the Feynman diagrams for the six point vertex func-
tion in the ¢* theory in the one loop approximation. For one
of these diagrams, write down the corresponding mathematical
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(iv)
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expression in lattice units (¢ = 1) and in physical units (a # 1).
Show that it converges in the limit a — 0, to the expression one
would write down directly in the continuum.

Renormalized coupling for mass zero

In the massless O(n) model \g is ill defined. In this case A(u)
is still a good renormalized coupling. Give the renormalized four
point vertex function I'f ., (p1---pa) in terms of A(y).

Critical K and mqy at weak coupling

What are the critical values of the bare mass m32. (in lattice units)
and the hopping parameter k. to first order in )y in the weak-
coupling expansion?

Minimal subtraction

To obtain renormalized vertex functions in the weak-coupling ex-
pansion, wavefunction, mass, and coupling-constant renormaliza-
tions are needed. Here we concentrate on the latter. We substi-
tute the bare A\ for a series in terms of a renormalized A (not to
be confused with the A in the lattice parametrization (3.15)),

Ao = AZ (A lnap),

ZaAnap) =14 >N Zy A" (Inap)®
n=1 k=0

> Z(N(nap)*. (3.190)
k=0

Terms vanishing as a — 0 have been neglected, order by order in
perturbation theory. From the point of view of obtaining finite
renormalized vertex functions we can be quite liberal and allow
any choice of the coefficients Z,; leading to a series in A for
physical quantities for which the a dependence cancels out.

The renormalized A depends on a physical scale u but not on
@, it is a ‘running coupling’, whereas A is supposed to depend on
a but not on p. Introducing a reference mass p1, we write

Ao (t) = A(8)Zx(A(s),s —t), t = —In(ap1), s=1In(p/p1).
(3.191)
From 0 = d\o/ds we find

0 0
(& 5 5) AZy(\s — 1) =0, (3.192)
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where

oA
a5
Using the above expansion for Zy in terms of powers (Inau)* =
(t — s)*, show that

B = (3.193)

(k+1)Zp(\) + 8 %()\Zk()\)) =0, £k=0,1,2,..., (3.194)
and hence that the 8 function is given by
_ 4
BN = BT (N) JON (3.195)

In a minimal subtraction scheme one does not ‘subtract’ more
than is necessary to cancel out the In(au)’s, and one chooses
Zp(A) = 1. Notice that there is a whole class of minimal subtrac-
tion schemes: we may replace In(au) by In(ap) + ¢, with ¢ some
numerical constant, since such a c is equivalent to a redefinition
of p. It follows that the beta function in a minimal subtraction
scheme can be read off from the coefficients of the terms involving
only a single power of In ayu:

BON) = —Z1 (V). (3.196)

Show that in minimal subtraction the beta function So(Ag) for
Ao is identical to B(Ao).

Assuming that the beta function is given, solve eq. (3.192)
with the boundary condition Zx(\,0) = Zp(A) = 1.
Mass for small k
The hopping result (3.128) shows that the mass parameter mg
is infinite for k = 0. For small k we see from (3.122) that
Gay x (2gk)Lev = exp(—myy|r — y|), where L, is the mini-
mal number of steps between x and y. We can identify a mass
Myy = —In(2gk) (Lyy/|z — y|). For small k, compare my, for
x,y along a lattice direction and along a lattice diagonal with the
results of problem (i) in chapter 2. Compare also with equations
(2.117), (2.120) and (2.122), for the case that = and y are along
a time-like direction in the lattice.
An example of a divergent expansion
Instructive examples of convergent and divergent expansions, in
k and A, are given by

2(k,\) = /oo dpexp(—k¢® — Ap?) (3.197)

—00
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ANV T(k/2+1/4
=2 Z (/k! /)(

—kATY2)E - (3.198)
k=0

*1/22 2k+1/2 (A 2)F (3.199)

Verify.

(vil) A dimension-siz four-point vertex
Show that the dimension-six term — 3 a?X020,¢20,¢2 in the
general action (3.173) corresponds to the vertex function

C(py - pa) = —802>\02’(—i)2K;(P1 + p2) K, (ps + pa)
+ two permutations, (3.200)

K,(p) = %(empu -1). (3.201)

In the classical continuum limit this vertex vanishes but in one-
loop order it contributes to the two point function I'(p) (cf. fig.
3.5). Show that this contribution is given by

+4Xoz[2a7% 4+ p*(Co — 3) + O(a)], (3.202)

where Cy is given in (3.67) and we used (27)~* [7_d*l[? /l2 =1,
independent of p =1,..., 4.

(viii) Langevin equation and Fokker—Planck Hamiltonian
Consider a probability distribution P(¢) for the field ¢,. One
Langevin time step changes ¢ into ¢’ according to

O = by + V201, + 06 agf) (3.203)

This corresponds to P(¢) — P'(¢). The new P'(¢) may be de-
termined as follows. Let O(¢) be an arbitrary observable, with
average value [ D¢ P(¢)O(¢). After a Langevin time step the
new average value is [ D¢ P(¢){O(¢'(¢)))y, where (-- ), denotes
the average over the Gaussian random numbers n,. By definition
this new average value is equal to [ D¢ P'($)O(¢), i.e.

/ Do P'(¢ / D¢ P(¢)(0(' (6)))n- (3.204)

By expansion in v/, show that

(O =0 +5Z[a¢m 6;?*;%2 + 0,

(3.205)
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and consequently that
{ 0 oS ]

P -P 0
i Z 0y [00s O,
= _HFP P. (3207)

(3.206)

The partial differential operator in ¢-space, Hgp, is called the
Fokker-Planck Hamiltonian. Using

0 o sp( 0 108
= = 2
o0, ¢~ \oo T205,) B2
show that P defined by P = ¢5/2 P satisfies
P —P o
— _HP+0(5), (3.209)

~ 0 198 0 108
LA ()
Show that H is a Hermitian positive semidefinite operator, which
has one eigenvalue equal to zero with eigenvector exp(S/2). Give
arguments showing that, as § — 0 and the number n of iterations

goes to infinity, with ¢ = néd — oo, P will tend to the desired
distribution exp S.



4
Gauge field on the lattice

Gauge invariance is formulated in position space (as opposed to momen-
tum space), which makes the lattice very well suited as a regulator for
gauge theories. In this chapter we shall first review the classical QED
and QCD actions, then put these theories on the lattice and define gauge
invariant path integrals. Subsequently a natural quantum mechanical
Hilbert space interpretation will be given. Gauge invariant couplings to
external sources will be shown to correspond to Wilson loops.

4.1 QED action
The QED action for electrons is given by

S = /da: L(z), (4.1)
L(z) = =3 Fu (@) F" () — (a)7" [0 + ieAu(2)] ¢(2) — mip(z)y (),
(4.2)
where ) is the electron field, A, the photon field and
Fyu (@) = 8, A, (x) - 9, 4,(x) (43)

is the electromagnetic field-strength tensor. The v* are Dirac matrices
(cf. appendix D) acting on the v’s, e is the elementary charge (e > 0)
and m is the electron mass. It can be useful to absorb the coupling
constant e in the vector potential:

1
A, — EA”' (4.4)
Then L takes the form

L= _4_i2FuVFW — 7" (O — iqAp)Y — mapip, (4.5)

83
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qg=—1, for the electron, (4.6)

in which the function of e as a coupling constant (characterizing the
strength of the interaction) is separated from the charge ¢, which char-
acterizes the behavior under gauge transformations.

The action is invariant under gauge transformations,

V' (2) = ePip(a), P () = e (), (4.7)
AL (@) = Au(@) + (@), (48)
S(,v,4) = S, ¢, 4"), (4.9)
where w(x) is real. The phase factors
Q(z) = @ (4.10)

form a group, for each z: the gauge group U(1). We may rewrite (4.7)
and (4.8) entirely in terms of (z),

P (x) = Q)Y (), P (2) = P(x)Q* ()7, (4.11)
A:L(a;) =A,(z) +iQ(x)0,Q" (). (4.12)

The covariant derivative
D,=0,—-1iA.uq (4.13)

has the property that D, (z) transforms just like ¢(x) under gauge
transformations:

D, ¢! (z) = [0, —igA, (@)Y (z) = Ux)"Duip(x), (4.14)

such that Yy D,y = ¢'v* D)y’

Above we have interpreted the gauge transformations as belonging to
the group U(1). We may also interpret (4.10) as a unitary representation
of the group (under addition) of real numbers, R:

w(z) — @4 y(z) e R. (4.15)
Another unitary representation of R could be
w— eT (4.16)
where T is a real number. For the group U (1), however, the mapping
Q=e" = D) =e“T (4.17)

is a representation only if T is an integer. If T is not an integer, D(Q) =
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QT is not single valued as a function of Q. Even if we restrict e.g. w €
[—m, 7] to make Q — €7 unique, the product rule would be violated
for some Q’s. (For example, for T' = %, Q10 = Q3 with w2 =097,

ws = 1.87 — 2m = —0.2 7 would result in e?1 7 ew2T = 097 £ giwsT
ei0-17 )

If the gauge group were necessarily U(1), charge would have to be
quantized. Suppose there are fields ¢, transforming with the represen-
tations T' = ¢, = integer:

YL(x) = D" (2),(x), D' (x) = Q)" (1.18)
Then we have to use a corresponding covariant derivative DJ,,
D, =0, —igAu(), (4.19)

such that the action density
1 v n T n
L= 5 FwF" =3 0y Dby = mtbripr (4.20)

is U(1)-gauge invariant. It follows that the charges eq, are a multiple
of the fundamental unit e, which is called charge quantization. If the
gauge group were R, there would be no need for charge quantization. In
Grand Unified Theories the gauge group of electromagnetism is a U(1)
group which is embedded as a subgroup in the Grand Unified gauge
group. This could provide the explanation for the quantization of charge
observed in nature.

4.2 QCD action
The QCD action has the form

S =— / dz <4—;2Gﬁ,,G’““" + 9y Dy + 1/1m1/)> ) (4.21)

The gauge group is SU(3), the group of unitary 3 x 3 matrices with
determinant equal to 1. An element of SU(3) can be written as

Q = exp(iwty), (4.22)

where the ¢, k = 1,..., 8, are a complete set of Hermitian traceless 3 x
3 matrices. Then Q' = Q and

Trip =0=detQ =exp(TrinQ) = 1. (4.23)
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The tj are the generators of the group in the defining representation.
A standard choice for these matrices is patterned after the SU(2) spin

matrices %ak in terms of the Pauli matrices

0 1 0 — 1 0
0'1—<1 0), U'Q—(Z. 0), 0'3—<0 _1>, (424)

namely,
te = 1A, (4.25)
with
Ok 0 1 1 00
Ak = 0], k=123, X=—|0 1 0 ,
0 0 O V3 0 0 -2
0 0 1 0 0 —
AM=10 0 0], A=[0 00 ,
100 0 0
0 0 0 0 0 O
=10 0 1), X=[0 0 —¢ (4.26)
010 0 ¢« O

These A’s are the well-known Gell-Mann matrices. They have the prop-
erties

Tr (tetr) = 50, (4.27)

[tr, tr] = i frimtm, (4.28)

where the fr, are the real structure constants of SU(3), totally anti-
symmetric in k,! and m (cf. appendix A.1).

The quark fields ) and 1) are in the defining representation of SU(3).
They carry three discrete indices,

a=1,...,4, Dirac index;
Yl q =1,2,3  (or red, white, blue), color index; (4.29)
f=1,....n¢ (oru,d,s,c b t), favorindex.

The gauge transformations and the covariant derivative D, act on a, the
Dirac gamma matrices act on a and the diagonal mass matrix m acts

on f,
m = diag(my,, mg, ms, - - .). (4.30)

We shall now explain the covariant derivative D, and the gauge field
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term G**G . It is instructive to assume for the moment that the
fields transform under some arbitrary unitary irreducible representation
of the color group SU(3), not necessarily the defining representation.
For notational convenience we shall still denote the matrices by §2; they
can be written as

Q = etwrT (4.31)
with T} the generators in the chosen representation, which satisfy

[Tk, Tt} = i frimTm, (4.32)

Tr (TyTh) = pdn- (4.33)
For the defining representation p = %, for the adjoint representation
p =3 (an expression for p is given in (A.47) in appendix A.2).
We assume that D, has a form similar to (4.13). However, here it is
a matrix,

Duab = 6ab6u - iGu (x)ab; or DM = 8,L - iGu- (434)

The matrix gauge field G, (z) should transform such that, under the
gauge transformation

V(@) = Qa)p(e), P'(z) = ()0 (2), (4.35)
D2 transforms just like 1,
D, (x) = Q(z)D,(z) = Qz)D, [QF(z)y (2)] . (4.36)

Treating 0, as an operator gives the requirement
D), =QD,Of, (4.37)
or more explicitly
Oy —iG), = (0, — iG,)Q
= 00,9 + 9, —iQG,Q'. (4.38)
It follows that GG, has to transform as
G, = 0G0 +i00,01. (4.39)

Note that this reduces to (4.12) for an Abelian group.

What is the general form of G, (z)? How to parametrize this matrix
field? Suppose G, = 0. Then GL = 00,9, so the parametrization
of G, must at least incorporate the general form of i€29,Q. We shall
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now show that the latter can be written as a linear superposition of the
generators T,,. We write

. - 0 )
00,07 =i0 wmaum = Spouwr, (4.40)
where
. 0
Sk(w) =i (w) Wﬂf(w). (4.41)

Let w + € be a small deviation of w and consider
Q)0 +2) = Q) | 2(w) + 2 S0 (w) +0()
=1—ikSy(w) + O(?). (4.42)

The left hand side of this equation is only a small deviation of the unit
matrix, so it is possible to write it as 1 — ip,, (w, €)1}, where @, is of
order €, S0 P (w,€) = Skm (w)e*. Hence, Si(w) can be written as

Sk(w) = Skm (W) T (4.43)

It will be shown in appendix A.2 (eq. (A.43)) that the coefficients Sk, (w)
are independent of the representation chosen for Q. It follows from (4.41)
and (4.43) that the ansatz

G, (x) = G™(x)T,, (4.44)

incorporates the general form of iQ@HQT. Furthermore, since the gen-
erators Ty, transform under the adjoint representation of the group (cf.
appendix A.2)

r,.0f =R, LT, (4.45)
the form (4.44) is preserved under the gauge transformation (4.39):

QG T, Q" +i00,Q" = (G Ry, + Skn0uw”) T,
G = RynG™ + Spnduw”, (4.46)

where we used R~' = RT. The Rym, Spm and w* are real, so we may
take (4.44) as the parametrization of G, (z) with real fields G};' (z). Note
that the transformation law for GJ;'(z) depends only on the group (its
adjoint representation), not on the particular representation chosen for

0.
The gauge field G, transforms inhomogeneously under the gauge group.
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The field tensor G, is constructed out of G, such that it transforms
homogeneously,

G, = 0G0 (4.47)
Analogously to the electrodynamic case (4.3), G, can be written as
G, =D,G, - D,G, =9,G, —0,G,, —i[G,G]. (4.48)
Using operator notation, this can also be written as
Gy = (D, D). (4.49)
Indeed, using (4.37) we have
[D,,,D;] =D, D, — (u+ v) =QD,D,Q" — (u 4 v) =Q[D,, D,]Q,
(4.50)

which verifies the transformation rule (4.47). The matrix field G, (z)
can be written in terms of G)'(), using (4.44) and (4.32)

Guv = G}, T, (4.51)

According to (4.45) and (4.47), G¥,, transforms in the adjoint represen-
tation of the group. The combination

1
G, Gh = ;Tr (GwG"™) (4.53)

is gauge invariant (p has been defined in (4.33)). Notice that the right
hand side does not depend on the representation chosen for (2.
The action (4.21) can now be written in more detail,

1 _ o _
5= _ / d4x[4_g2G,’iVGkuu + Py (B, — TG + Py | . (4.54)

Since GF,G** contains terms of higher order than quadratic in G, the
non-Abelian gauge field is self-coupled. The coupling to the ¢ field is
completely determined by the generators T),, i.e. by the representation
Q under which the 1’s transform. For the quark fields, € is the defining
representation Ty, — tp,.

4.3 Lattice gauge field

We shall mimic the steps leading to the QCD action (4.54) with lattice
derivatives,' except for choosing to work in Euclidean space-time. The
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QCD action has a straightforward generalization to SU(n) gauge groups
with n # 3. We shall assume the gauge group G = U(1) or SU(n). The
case of the non-compact group G = R will be discussed later.

Let the fermion field ¢, be associated with the sites z,, = m,a of the
lattice, analogously to the scalar field. Under local gauge transforma-
tions it transforms as

'QZ}; = Qm'ébac: (4'55)

where as before (2, is an irreducible representation of the gauge group
G. Since the lattice derivative

8“/}90 = (¢x+aﬂ - Q/Jz)/a (4-56)

contains 1 both at z and at = + afi, we try a covariant derivative of the
form

DM% = %(waﬁ-aﬂ - Q/Jz) - Z(éuzz/}z + Cux¢x+aﬂ)- (4-57)

Here C,, and CN’W are supposed to compensate for the lack of gauge
covariance of the lattice derivative, analogously to the matrix gauge
potential G, (z). The covariant derivative has to satisfy

DL¢; = QmDu'QZJm (4.58)

or

S (Phan — V) = i(Clgtly + Crgtatan)
a

a
= Qz [1 (¢x+aﬁ - Q/Jz) - Z(éuzz/}z + Cux¢x+aﬂ) (4-59)

1 .
= Qz [a(ﬂl+aﬁ¢;+aﬂ - Ql’(/);() - Z(CuzQLdJIz + Cuzﬂl+aﬁ¢lz+aﬂ)

!

Comparing coefficients of ¢!, and Vyiap B1VES
Cr = %Clu 0, (4.60)
’ i
Crp = 0Clal 0+ - Q.0 .. -1 (4.61)
= 0,Cu Qo + 0i0, 0. (4.62)
It is consistent to set
Cz = 0. (4.63)

For C,,; we then find the transformation rule (4.62), which resembles the
transformation behavior of the continuum gauge potentials quite closely.
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By analogy with the continuum theory we try for the field strength the
form

C[“/I - Ducl/z - DVC[LI
1 .
= E(CV,w-i-aﬂ = Cuz) = iCueCrpiap — (B & V). (4.64)
We find that C),,, indeed transforms homogeneously,

C e = 0C (4.65)

% z+ap+av?

and consequently Tr (Cy,,C},.) is gauge invariant ((4.62) implies that

pre
Clvy cannot be Hermitian in general).

The question is now that of how to parametrize the matrix C, in a
way consistent with the transformation rule (4.62). This can be answered
by looking at the case Cy, = 0, as in the continuum in the previous
section. Then

) i
Cly = Qi0,0f = E(Q”Ql rap = 1), (4.66)
which suggests that we write
i
Cp,ac = E(qu - 1), (4.67)

where U,, is a unitary matrix of the same form as €1, i.e. it is a
group element in the same representation of the gauge group G. This
parametrization of C),, is indeed consistent with the transformation rule
(4.62), since it gives

Uy = %UuQl 0 (4.68)
To connect with the gauge potentials G% (x) in the continuum we write
Ue = €7 10%1= Gp = GE, T, (4.69)

and identify
Gl =Gh(x). (4.70)
More precisely, let Gﬁ (z) be smooth gauge potentials in the continuum

which we evaluate at the lattice points ¢, = m,a. Then oG, (z) = 0 as
a — 0, and by construction

Cuz = Gu(x), Cuva = Guu(z), (4.71)

where G, (x) is the continuum form (4.48).
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Upx Uy x

- = S
x X+l x+{ x

Fig. 4.1. Tllustration of Uy, and U,.

A possible lattice regulated gauge theory action is now given by

S=- Z |:%(1/}z7uDu¢x - ¢x7uDLx¢x) + hamipy
LT (Ca ] 4
b oo T ConeCl)| (1.72)
with p the representation-dependent constant defined in (4.33). Evi-
dently, upon inserting 1, = ¥ (z), ¥, = ¥(r) and G’;u = Gﬁ(m) with
smooth functions (), 1 (x) and G} (), this action reduces to the con-
tinuum form (4.54) in the limit @ — 0. The action (4.72) is not yet
satisfactory in its fermion part: it describes too many fermions in the
scaling region—this is the notorious phenomenon of ‘fermion doubling’.
We shall come back to this in a later chapter.
The transformation property (4.68) can be written in a more sugges-
tive form by using the notation

Uz,z+a;} = Uﬂz, UQH,Q[L’I = U;‘Ez7 (473)
because then
Uy =20Us 2, y=a+aj. (4.74)

This notation suggests that it is natural to think of U, ,4.; as belonging
to the link (z,xz + afi) of the lattice, rather than having four Uj,. ..
U4, belonging to the site z, as illustrated in fig. 4.1.

In fact, there is a better way of associating U, , with the continuum
gauge field G, (x): by identifying U, , with the parallel transporter from
y to x along the link (x,y). The parallel transporter U(Cy,) along a
path Cyy from y to x is defined by the path-ordered product (in the
continuum)

)

U(Cyy) = Pexp , (4.75)

—i/ dz, Gu(z)
Cay

where P denotes the path ordering. The path ordered product can
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be defined by dividing the path into N segments (2,2, + dz,), n =
0,...,N — 1, and taking the ordered product,

T Zn41
U(Cyy) = A}gnoo exp l—z/ dz, G”(Z)] -+ exp [—1/ dz, G”(z)]

ZN -1

---exp {—i /Z1 dz,, Gu(z)]
= lim [1 —idzo, Gu(20)]---[1 —iden—1,Gulzn-1)]. (4.76)

N—o0
Under a gauge transformation G/, (z) = Q(2)G, (2)Q (2) + Q(2)i0, 01 (2)
we have
1 —idzn, G, (2n) = Q(2)[Q (20) = i A2y G u(202) 2 (2)
+ dzpy 8,91 (2,)] (4.77)
= Q(2zn)[1 — i dzny, Gu(zn)]QT(an) + 0(dz?),
such that all the Q’s cancel out in U(Cy,) except at the end points,
U'(Cay) = Q)T (Coy) 21 (1), (4.78)

Hence, U(Cy,) parallel transports vectors under the gauge group at y
to vectors at x along the path C,. It is known that this way of asso-
ciating Uy, with the continuum gauge field via U(Cy,) leads to smaller
discretization errors in the action than does use of (4.69) and (4.70). For
our lattice theory, however, the basic variables are the Uy zyo4 = Uy,
one for each link (z,z + afi).
Expressing everything in terms of U, ;444 simplifies things and makes
the transformation properties more transparent:
D,u,"/Jac = 2(Ux,x+aﬂ¢x+aﬂ - 1/}30)7 (479)
C;wz = %(Uz,z+aﬂUz+aﬂ,z+aﬂ+m7 - Uz,z+a19Uz+aﬁ,z+aﬂ+aﬁ):

1
Tr (CI“/IC;tVz) = g Tr (2 - UMWE - U;twc)’

Uut/x = U;J/rp,gg = Uac,x+aﬂUm+aﬂ,x+aﬂ+aﬁUac+aﬂ+al7,m+af/Um+af/,m-

We see in (4.79) how the covariant derivative involves parallel transport.
The action can be written as

1
S:_ZWTr(l—UW)

Tpv

1 - _
=" 5 BeuUuatoran = PoranTuUfaths),  (4.80)
zp
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X+V X+ U+V

o———— 0 o————©

-~ ~

X X+ X X+
X X+

(a) (b) (c)

Fig. 4.2. Tllustration of the terms in the action Tr Uyv. (a), YeUpzotan (b)
and Yo apUlsve (©).

which is illustrated in fig. 4.2. The arrows representing U,,, and U;[JE are
chosen such that they flow from 9 to v, which conforms to a convention
for the Feynman rules in the weak-coupling expansion.

We continue with the theory without fermions. The elementary square
of a hypercubic lattice is called a plaquette. It may be denoted by p
(p = (x, u,v; u < v) and the product of the U’s around p is denoted by
U,. The gauge-field part of the action can then be written as

1
S(U) = 7 > ReTrU, + constant, (4.81)
p

in lattice units (e = 1). This action depends on the representation of the
gauge group chosen for the U’s, which in our derivation was dictated by
the representation carried by ¢ and 1. This is in contrast to the classical
action which is independent of the group representation, as we saw in
the previous section (below (4.46)).

To make the representation dependence explicit, we will from now
on assume U to be in the defining representation of the gauge group.
Supposing that (4.81) refers to representation D" (U), we replace p — p,
and Tr U, — x(Up), with x, the character (trace) in the representation
r. A more general lattice action may involve a sum over representations
r)

_ Re Xr(Up)
S(U) = Z Z b= (4.82)
x-(U) = Te [D"(U)], (4.83)

which reduces to the classical gauge-field action in the classical contin-
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uum limit, with

1 Brpr
i > —= de= (1), (4.84)

where d,. is the dimension of representation r. For example, in an action
containing both the fundamental irrep f and the adjoint irrep a of the
gauge group SU(n), we have dy = n, py =1/2, p, =n, d, =n* —1 (cf.
appendices A.1 and A.2), and

1/g* = Br/2n + Ban/(n® — 1). (4.85)

The simplest lattice formulation of QCD has a plaquette action with
only the fundamental representation. It is usually called the Wilson
action [39].

4.4 Gauge-invariant lattice path integral

We continue with a pure gauge theory (i.e. containing only gauge fields).
The dynamical variables Uy, are in the fundamental representation of
the gauge group G and the system is described by the gauge invariant
action S(U). If the gauge group is compact we can define a lattice path
integral by

Z = /DU exp[S(U)], DU =[] dUya. (4.86)

Here dU for a given link is a volume element in group space. For a
compact group the total volume of group space is finite and therefore Z
is well defined for a finite lattice. We want Z to be gauge invariant, so
we want the integration measure DU to satisfy

DU = DU®, U2, = QquleMﬂ. (4.87)

On a given link with link variable U, gauge transformations U’ = UQ;
are combinations of left and right translations in group space:
U =QU, left, (4.88)
U'=UQ, right. (4.89)
A measure that is invariant under such translations in group space is

well known: the Hurewicz or Haar measure. It can be written in a form
familiar from general relativity,

dU = v\/det g [ ] do*, (4.90)

k
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where the a® are coordinates on group space, U = U(a), and gz is a
metric on this space, of the form

_ Ll (ouauty 1
gkl—p daF Dol ) 9—2-

The normalization constant v will be chosen such that
/ dU = 1. (4.92)

k:

(4.91)

The metric (4.91) is covariant under coordinate transformations «
FHah),

8alm 8aln

gkl = Gmn Dok ool

(4.93)

The Jacobian factors of coordinate transformations cancel out in (4.90),
such that dU' = dU. Since left and right translations are special cases
of coordinate transformations, e.g. U = QfU’ corresponds to U(a) =
QfU(a'), the measure is again invariant, dU’ = dU, or

d(QU) = d(UQ) = dU. (4.94)

The above may be illustrated by the exponential parametrization. For
the one-dimensional group U(1) we have

™ g
U = exp(ia), gu =1, /dU :/ % = 1. (4.95)

For the (n? — 1)-dimensional group SU(n) we have
U = exp(ia®t), gk = SkmSim, (4.96)

where we used (4.41), (4.43) and OU'/0a* = —UT0U/da* U, which
follows from differentiating UUT = 1. An explicit form for Sy, is given
in (A.43) in appendix A.2.

This completes the definition of the partition function Z. We shall
introduce gauge-invariant observables later. One such object we know
already: the plaquette field Tr U,,,.,, or more simply TrU,. It is a com-
posite field in QCD, which will later be seen to describe ‘bound states
of glue’—glueballs. Expectation values are defined as usual, for example

(TrU, TrUp) = Z71 /DU exp[S(U)] Tr Up Tr U,y . (4.97)

We stress at this point that gauge fixing (which is familiar in the formal
continuum approach) is not necessary with the non-perturbative lattice
regulator, for a compact gauge group. The need for gauge fixing shows
up again when we attempt to make a weak-coupling expansion.



4.5 Compact and non-compact Abelian gauge theory 97

4.5 Compact and non-compact Abelian gauge theory

Let us write the formulas obtained so far more explicitly for U(1):

Upe = exp(—iad,,), (4.98)

Upva = expl—ia(Aue + Avatap — Apztar — Ava)] (4.99)

= exp(—ia®Flz), (4.100)

Fpuac = 8uAum - aVA,u,ac: (4101)
1 2

S = v ;p —2cos(a’Flu.)), (4.102)

/DU:E/ZW. (4.103)

Gauge transformations 2 = exp(iw,) are linear for the gauge potentials,

U;Im = QCEUIL.’EQL+Q[L7 (4.104)
G’A;Lz = aAum + Wetap — Wz, HlOd(Qﬂ'), (4105)

except for the mod(27).

We used the fundamental representation in S. The more general form
(4.82) is a sum over irreps r = integer, with D"(U) = exp(—irad) =
x+(U), d = 1, and p, = r?, which takes the form of a Fourier series:

1
S = o Z Z By cos(ra®F,;) + const, (4.106)
a Tpy
1 o0
7o > Bt (4.107)

We could for example choose the 3, such that

1 2 2
17 [F?,, mod(2r/a®)]. (4.108)

Tuv

S =

The above is called the compact U(1) gauge theory. It is clear that
there is also a non-compact version of the Abelian gauge theory, with
gauge transformations w, € R acting on A, as in (4.105), but without
the mod(27), aA;m = aA;z + Watap — We, with Fj,,, asin (4.101), and
the simple action

1
A =—-——> F? . 4.1
S =~ 2 P (4.109)
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In this case the gauge invariant measure is given by

/DA =11 /0; d(aA,.). (4.110)

However, the path integral
Z = /DA exp[S(A)] (4.111)

is ill defined because it is divergent. The reason is that [ DA con-
tains also an integration over all gauge transformations, which are un-
restrained by the gauge-invariant weight exp S(A). As a consequence Z
is proportional to the volume of the gauge group [ D. For the non-
compact group G = R this is [], [~ dw,, which is infinite. On the
other hand, this divergence formally cancels out in expectation values of
gauge-invariant observables and e.g. Monte Carlo computations based
on (4.111) still make sense.

To define (4.111) for the non-compact formulation, gauge fixing is
needed. A suitable partition function is now given by

Z:/DAexp

1
S(A) — P > 0, Au)? |, (4.112)
Tp

where GL = —8:5 is the backward derivative, 8LAW = (Ape—Apz—ap)/a.
See problem 5.(i) for more details.

4.6 Hilbert space and transfer operator

We shall show here that the path integral

Z = /(H dU,w> 3 (4.113)

can be expressed as the trace of a positive Hermitian transfer operator
T in Hilbert space,

Z=TceTV, (4.114)

where N is the number of time slices, thus providing the quantum me-
chanical interpretation.

This Hilbert space is set up in the coordinate representation. The
coordinates are Up,x, m = 1,2, 3, corresponding to the spatial link vari-
ables. A state |¢)) has a wavefunction ¢(U) = (Uly) depending on the
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A

Unx. The basis states |U) are eigenstates of operators (Upx)ab, where
a and b denote the matrix elements (a,b =1, ..., n for SU(n)):

(Unx)ab|U) = (Umsx)ap|U)- (4.115)

k one may think of

the usual coordinate representation for Hermitian operators a*: a*|a) =
a¥|ay, Uy = U(@)ap, and |U) = |@). The Hermitian conjugate matrix
Ut corresponds to the operator U'Ja = U}, (&). We continue with the
notation |U) for the basis states. The basis is orthonormal and complete

In a parametrization U = U(a) with real parameters a

U'U) = [ (U} Umsx), (4.116)
1= /(H dUmx> Uy (U, (4.117)

such that
wila) = [ (H dUmx> 03 (U)(U). (4.118)

The delta function §(U’,U) corresponds to the measure dU such that
[dU §(U,U") = 1, which can of course be made explicit in a parametriza-
tion U ().

After this specification of Hilbert space the trace in Z = Tr TN can
be written more explicitly as

/(H dUmxn) <Un+1|T|Un>

where n indicates the U variables in time slice n. Notice that the time-
like link variables Ujx,, are not indicated explicitly in (4.119); these are
hidden in T'.

We now have to work the path integral (4.113) into the form (4.119).
It is useful for later to allow for different lattice spacings in time and
space, a; and a. Using a notation in which the x,, are in lattice units

N-1

TN = H

n=0

, (4.119)

(i.e. x and x4 = m become integers), but keeping the a’s, the pure-
gauge part of the action (4.80), >_,,, Tr Uywa /2g%pat, takes the form
aa; 35, W[ 2Re TrUsjun/9°a; + X 2ReTrUijun/g°a”] (p = 1/2
in the fundamental representation), or

2 ([ a ag
S = —<—ZReTrUpi —l—;ZReTrUm) , (4.120)
Y43

2
g t o
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where p; and p; are spacelike and timelike plaquettes, Up, = Ujjxn,
Up, = Usjxn. All the lattice-distance dependence is in the ratio a;/a.
This dependence is really a coupling-constant dependence, one coupling
g%a/a; for the timelike plaquettes and another g®a;/a for the spacelike
plaquettes. Inspection of (4.113) with action (4.120) shows that T can
be identified in the form

1 AA 1 ~
W gmguW (4.121)

)

7a Z ReTrU,,, (4.122)

T =
W
with the operator T}( given by the matrix elements

. 2
WUy = I / dUx exp {92—; Re Tt (UpxcUssern U UL

(4.123)
The way the Uy enter in (4.123) can be viewed as a gauge transforma-
tion on Uj,x,

U = QU 2! (4.124)

r+m?

with Q, = U;'x. Equivalently we can view this as a gauge transforma-
tion on U/, .. There is an integral over all such gauge transformations.
We can write this in operator notation as follows. Define the gauge
transformation operator D(9) by

D)UY = [UY). (4.125)
Then
UID@Q)) = (U°|) = p(U®). (4.126)

This operator is a unitary representation of the gauge group of time-
independent gauge transformations in Hilbert space. Define furthermore

p() by
_ / (H de> D). (4.127)

It follows that TI’( can be written as
Tt =Tk Py = PyTk, (4.128)

with Tk given by

(U'|T|U) = H exp {— Re Tr (U U, )] . (4.129)
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The operator Py is the projector onto the gauge invariant subspace of
Hilbert space. This follows from the fact that D(Q) is a representation
of the gauge group,

D(0,)D(Q) = D(Q,9), (4.130)
D()Py = / (H dnx> D(MQ) = / (Hd(nlxnx)> D(0)

=P, (4.131)

= PyD(), (4.132)

P? = b, (4.133)

We used the invariance of the integration measure in group space and
the normalization [dQ, = 1. It follows that a state |¢) of the form
[1h) = Po|¢) is gauge invariant, D(Q)[¢)) = |4). It also follows easily by
taking matrix elements that P, commutes with TW.

We shall show in the next section that Tk is a positive operator. It
can therefore be written in the from

Ty = e K, (4.134)

with K a Hermitian operator.
Summarizing, the path integral leads naturally to a quantum mechan-
ical Hilbert space and a transfer operator

OO e T B T S B
T = Pye 2uW gmaek gmgaW — o=5a:W maiK =30 Wp — (4135)

which is positive and defines therefore a Hermitian Hamiltonian H,

T = Bye~ul — g~all p (4.136)

We recognize a kinetic part (K) and potential part (W), analogously
to the example of the scalar field. The form (4.129) for the matrix
elements of Tk shows a plaquette in the temporal gauge Uy, = 1. The
path integral has automatically provided the supplementary condition
that has to be imposed in this ‘gauge’: physical states must be gauge
invariant (i.e. invariant under time-independent gauge transformations),

phys) = Po[phys), D(Q)[phys) = |phys). (4.137)

In the continuum this corresponds to the ‘Gauss law’ condition (cf. ap-
pendix B).
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4.7 The kinetic-energy operator

As we can see from its definition (4.129), the kinetic-energy transfer op-
erator Tk is a product of uncoupled link operators. So let us concentrate
on a single link (x,x +m) and simple states |¢) for which ¢(U) depends
only on U,,x. To simplify the notation we write U = U,,x. Then the
single link kinetic transfer operator is given by

(U'|Tx:1|U) = exp[kRe Tr (UU')] (4.138)
2
K= 92—‘;, (4.139)

where the subscript 1 reminds us of the fact that we are dealing with a
single link.

Realizing that ReTr (UU't) may be taken as the distance between
the points U and U’ in group space, we note that (4.138) is analogous
to the expression (2.15) in quantum mechanics, which also involved a
translation in the coordinates. So we may expect to gain understanding
here too by introducing translation operators. Left and right translations
L(V) and R(V) can be defined by

L)) = VD), (4.140)
RW)|UY = |UV). (4.141)
By comparing matrix elements we see that Tk can be written as
Tr1 = / dV exp[k Re Tr V] L(V), (4.142)
= / dV exp[kRe Tr V] R(V). (4.143)

The eigenstates of the translation operators can be found among the
eigenstates of the Laplacian on group space, as summarized in appendix
A.3 (eq. (A.76)). The eigenfunctions are the finite-dimensional unitary
irreducible representations (irreps) D (U) of the group,

U— Dy . (U)=(Ulrmn). (4.144)

Here r labels the irreps and m and n label the matrix elements. These
unitary matrices form a complete orthogonal set of basis functions,

’ ].
/ AU D} (U)° D) = by Simburn -, (4:145)

r

rmn
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where d, is the dimension of the representation (D"(U) is a d, X d,
matrix). A function ¢(U) can be expanded as

Y(U) = (U) =D rmndr D (U), (4.147)

rmn

with the inversion
Yrmn = (rmn|y) = /dU Dy (U)*y(U). (4.148)
The action of Ty on |[¢)) now follows from

(U s |o5) = / 4V exp(s Re Te V) (UIL(V)|6) (4.149)

= Z Vrmndy /dV exp(kReTr V) D"(VU)pn

rmn

Using the group-representation property D" (VU) = D"(V)D"(U), the
integral in the above expression, i.e. the complex conjugate of

Crmn = / dV D; (V)" exp(kReTr V), (4.150)
is the coefficient for the expansion of the exponential in irreps,
exp(kReTr V) Z dyCrmn Dy, (V), (4.151)

as follows from the orthgonality of the irreps. A change of variables
V — V1in (4.150) shows that cymp = c&,,- Making a transformation
of variables V. — WV W, with arbitrary group element W, gives the
relation

Crmn = D" (W) iy DT (W), (4.152)
Using Schur’s lemma it follows that ¢..,,, can be written in the form
Crmn = Cr 6mn: (4153)

with real ¢.. Returning to (4.149) we get

U|Tk1[vp) = > rmndrce D" (U) n. (4.154)
Every irrep r is just multiplied by the number ¢,.. The irrep states |rmn)

are eigenstates of Tk with eigenvalue ¢,

Tx1|rmn) = ¢, |[rmn). (4.155)
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The relation (4.153) holds generally for expansion coefficients of func-
tions on the group which are invariant under V. — WVW?, ie. class
fuctions. These have a character expansion,

exp(kReTr V) = Zdrcrxr(V), (4.156)
T
with

o (V) = Te D7 (V) = D, (V) (4.157)
the character in the representation r. The characters are orthonormal,
/dV Xr(V)*xs(V) = 0, (4.158)

as follows from (4.145). Writing

K K * *

der = [V exp [0 + 500 ] V), (4159)

where f is the fundamental (defining) representation, we can show that
the ¢, are positive. Expansion of the right hand side of (4.159) in powers
of k leads to

= S gy [ V0 ) v

n=0 : k=0 (

(4.160)
Reducing the tensor product representation D™ --- D" to irreducible
components, we see that

/dVXh(V)"'er(V) =n(re,...,m) (4.161)

is the number of times the singlet irrep occurs. Since k is positive the
¢, are positive.

It follows that the eigenvalues of TKl are positive, i.e. TKl is a positive
operator. The full kinetic transfer operator TK, being the product of
single-link operators TKl, is also positive.

4.8 Hamiltonian for continuous time

In the Hamiltonian approach to lattice gauge theory time is kept contin-
uous while space is replaced by a lattice. Taking the formal limit a; — 0
we get the appropriate Hamiltonian from

T = Py exp|—aH + 0(a?)]| . (4.162)
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Some work is required for Ty as a; — 0 since it depends explicitly on
a/a; through k = 2a/g*a;. Consider again the form (4.142) for one link,

Tr1 = / dV exp[kReTr V] L(V). (4.163)

Since k — oo as a; — 0 we can evaluate this expression with the saddle-
point method. The highest saddle point is at V' = 1. It is convenient to
use the exponential parametrization,

V = exp(iafty), (4.164)
ReTrV =d; — 1a*a* + O(a?), (4.165)
dV =[] deu [1 + O(2?)], (4.166)

k

L(V) = 1+ i X4 (L) — 1a*o! X (L)X (L) + O(a®), (4.167)

where we have written the left translator L in terms of its generators
Xk (L) (cf. appendix A.3). Gaussian integration over af gives

Trk1 = constant x (1 - 1)2'2 + - ) , (4.168)
K
X? = X (L) Xy (L) = Xi(R) Xk (R), (4.169)
constant = /Hdak exp[k(d; — a®/4)]. (4.170)
k

Here the constant could have been avoided by changing the measure in
the path integral by an overall constant.
The Hamiltonian can be written as

H=K+W (4.171)

1
Ca

2
N 2 N
% ZXI2 + 7 ZRe’I‘r(l —Up,)| + constant,
ls Ds

where the [; denote the spatial links and p,; the spatial plaquettes. In
the coordinate representation U — U and X2 becomes the covariant
Laplacian on group space. The above Hamiltonian is known as the
Kogut—Susskind Hamiltonian [40].

It is good to keep in mind that, with continuous time and a lattice in
space, the symmetry between time and space is broken. It is necessary
to renormalize the velocity of light, which amounts to introducing dif-
ferent couplings g and g3 for the kinetic and potential terms in the
Hamiltonian (4.171).

The formal continuum limit a — 0, U, = exp(—iaGu;) — 1 —
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iaGy(x)+- - - leads to the formal continuum Hamiltonian in the temporal
gauge:

2
g 1 1 1
H= /d% (7H£H§ + 4—g2G§’mem> = /d3r (§E2 + 5B2> ,

(4.172)

where
= —i@, p=1,....n" -1, k=123, (4.173)
GY = 0,GY — 0, GY + fprGIGr,, (4.174)

and the conventional ‘electric’ and ‘magnetic’ fields are given by
1
EY = —gll?, BY = ;eklmem. (4.175)

In the continuum the canonical quantization in the temporal gauge is
often lacking in text books, because it is less suited for weak-coupling
perturbation theory. A brief exposition is given in appendix B.

4.9 Wilson loop and Polyakov line

In the classical Maxwell theory an external current J* enters in the
weight factor in the real-time path integral as

eiS _y piStifdte J" A, (4.176)
For a line current along a path z#(7),
Azt
T (z) = /dr Zd—(T) 54z — 2(7), (4.177)
T

the phase exp(i [ J*A,) takes the form

exp [z / dzﬂAu(z)} , (4.178)

where the integral is along the path specified by z(r). The current is
‘conserved’ (i.e. 9, J* = 0) for a closed path or a never-ending path. In
classical electrodynamics one thinks of z#(7) as the trajectory of a point
charge. Then dz*/dr is time-like. For a positive static point charge at
the origin the phase is

exp [z‘/dzo AO(O,ZO)} . (4.179)
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C

Fig. 4.3. A contour C specifying a line current or Wilson loop.

We may however choose the external current as we like and use also
spacelike dz/dr. For a line current running along the coordinate 3-axis
the phase is

exp [z’/dz3 Ag(o,o,z3,0)} : (4.180)

The Euclidean form is obtained from the Minkowski form by the sub-

stitution J° = —iJy, d2° = —idz, Ay = iA4. The phase remains a
phase,

4
exp [i/Zdz”Au(z) (4.181)
p=1
The source affects the places where the time components enter in the
action and we have to take a second look at the derivation of the transfer
operator. Consider therefore first in the compact U(1) theory the path
integral

20 = [ DU exp|S@) + ¥ Jus Ay (1.182)
xp
1
SWU) = 15 ; Upvas (4.183)
Upe = exp(—iA,z), (4.184)
Upve = expli(Apers — Ape — Avayp + Ava)]- (4.185)

We have written the source term in conventional Euclidean form as a
real looking addition to S(U), but the current J, is purely imaginary.
For a line current of unit strength over a closed contour C' as illustrated
in fig. 4.3 we have

Jyz = —i for links (z,z + 1) € C

= +i for links (z + f1,z) € C
=0 otherwise. (4.186)
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This current is ‘conserved’,

O Juz = (Juaw = Jya—p) =0, (4.187)
nw

and the integrand of the path integral is gauge invariant. The phase
factor associated with the current can be written in another way,

exp <Z JMAM> =[[v=v(0), (4.188)

TR leC

where [ denotes a directed link, U; = Uy, for | = (z,2 + 1). Such a
product U(C') of U’s around a loop C is called a Wilson loop [39]. It is
gauge invariant. The simplest Wilson loop is the plaquette Up,,.

The Wilson loop form of the interaction with an external line source
generalizes easily to non-Abelian gauge theories. For a source in irrep r
we have

Tr D"(U(C)) = x»(U(C)), (4.189)

with D"(U(C)) the ordered product of the link matrices D" (U;) along
the loop C. Denoting the links [ by the pair of neighbors (z,y), we have
for example in the fundamental representation

U(C) =Tr (Uﬂvlszme;; e Uznzl)- (4190)

The gauge invariance is obvious: the gauge transformations cancel out
pairwise in the product along the closed loop.

Consider now the derivation of the transfer operator. For the parts
of C' where it runs in spacelike directions it represents an operator in
Hilbert space through U; — Ul as before. What about the timelike links?
Suppose that between two time slices there are only two such links, say
the links (y,y +4) and (z + 4, z). Then, for these time slices, (4.123) is
modified to

U230} =TT [ Ve expl-1 D (Usg) D} (UL), (@.191)

where exp[- -] is the same as in (4.123) and the indices m,n,p, ¢ hook
up to the other D"’s of the Wilson loop. We see that the operator Py
defined in (4.127) is replaced by

Py — /HdeD(V) D}, (Vy) Dy, (V1), (4.192)
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where we used the notation QL = Vi = Usx, dQ = dV. The gauge-
transformation operator D(V') is the product of operators D(Vx) at sites
x. With the notation

P = [ v, Dy, (VO D(VR), (4.103)
the right-hand side of (4.192) can be written as
By Py, B, (4.194)
with
p =[] P (4.195)
XAY,Z

the projector onto the gauge-invariant subspace except at y and z. The
irrep 7 is the Hermitian conjugate of the irrep r. The operator P,’,’L’;
projects onto the subspace transforming at x in the irrep r in the fol-
lowing way. Let |skl) be an irrep state for some link (u,v),

(Ulskly = D},(U), U = Ugy; (4.196)

then, for x = u,

S (U Bra snl) = / dV D7, (V)D3, (V) = 6,5 D5 (T),

n

Zﬁ%ﬂsnl} = |sml); (4.197)

n
similarly, for x = v,

S (U1BL skm) = / 4V DI, (V) D (UV) = 6,4 D3, (U),

m

Z P2 |skm) = |skn). (4.198)

m

The P are Hermitian projectors in the following sense:

(Bt =P, (4.199)
S B pre=Drx. (4.200)
n

Consider next a Wilson loop of the form shown in fig. 4.4. In the U(1)
case this corresponds to two charges that are static at times between ¢;
and t5, a charge +1 at z and a charge —1 at y:

J4(X,HZ4) = —Z.[(Sx7y — 6x,z]; t1 < xy < 1. (4201)
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z y
Fig. 4.4. A rectangular timelike Wilson loop.

In the SU(n) case the interpretation is evidently that we have a source in
irrep 7 at y and a source in irrep r at z. If r is the defining representation
of the gauge group SU(3) we say that we have a static quark at z and
an antiquark at y. The path-integral average of this Wilson loop

W(C) = [ DU exslSW) (O, (1.202)
Z= /DU exp[S(U)] = Te TV, (4.203)

can be expressed as
1 ~ N ~ L~ P
W(C) = 5T [TV~ Dy (O (@) B2 D, (0) P (4204)

Here C' is the rectangular loop shown in fig. 4.4, t = t2 — ¢y, U is the
operator corresponding to the product of U’s at time ¢; and similarly
for Ut at t,, and 1" is the transfer operator with B} (cf. (4.195)). In
the zero-temperature limit N — oo, the trace in (4.204) is replaced
by the expectation value in the ground state |0), 7'|0) = exp(—Eq)|0).
Inserting intermediate states |n), which are eigenstates of 7" 13[;2 ]5;;,3;
with eigenvalues exp(—E),), gives the representation

W(C) = Rye Fn B N = oo, (4.205)

where R, and E], depend on y and z. For large times ¢ the lowest energy
level E} will dominate. This is the energy of the ground state |0’ rmn)
in that sector of Hilbert space which corresponds to the static sources
at y and z. By definition, the difference E{ — Ejy is the potential V:

W(C) t1>>00 RO e_Vt7 V= Vr(ya Z)7 RO = RO(Y? Z)7 (4206)
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Fig. 4.5. A Polyakov line.

Ry = ) (0|Dy,, (UN)]0" rmn)(0" rmn|Dy,, (U)|0).
mn
Hence, we have found a formula for the static potential (e.g. for a quark—
antiquark pair) in terms of the expectation value of a Wilson loop.
Another interesting quantity is the Polyakov line [41], which is a string
of U’s closed by periodic boundary conditions in the Euclidean time
direction. (In case of closure by periodic boundary conditions in the
spatial direction, this is often called a Wilson line.) For example, the
situation illustrated in fig. 4.5 corresponds to a single static quark, a
source which is always switched on. The expectation value W (L) of the
Polyakov line operator at x, e.g. in the defining representation

Tr U(L) =Tr (U4x,0U4x,1 T U4x,N71)> (4207)

can be written as

W) = (LeU(L) = T |9 3B,

m

(4.208)

It is the free energy of a static quark at inverse temperature N. For
temperature going to zero it behaves as

W(L) xe N, N — oo, (4.209)

with € the self energy of a static quark.

4.10 Problems

(i) The case SU(2)
(a) Work out the metric gy = 2Tr[(0U/0au) (OUT/0cy)] using
the exponential parametrization U = exp(ia¥;,/2).
(b) Determine the normalization constant v in
dU = vy/det gday das dag such that [dU = 1.
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(c) Find the characters x;(U) = TrD’(U) as a function of a*
G=5L3 )

(d) Check the orthogonality relation [ dU x;(U)x} (U) = ;-
(e) Verify for a one-link state that 1 (U Xy, (L)|))1 = Xy (L) (U).
(f) Verify that X?(L) = X?(R).

Two-dimensional SU(n) gauge field theory

Consider two dimensional SU(n) gauge theory with action

S=> LU, (4.210)
p
1
L(U) = pe > ke Rex,(U), (4.211)
> kepr =1, (4.212)
and periodic boundary conditions in space. In ordinary units
g has the dimension of mass (in two dimensions), such that in

lattice units g — 0 in the continuum limit. The transfer operator
is given by

T=TkP, Tx=]]Tw, (4.213)

!
where I, [ = 0, ..., N — 1 labels the spatial links (z,z + 1),
z =0,...,N —1. Since there is only one space direction, the link

variables in the spatial direction may be denoted by U,. Consider
the wavefunction

1/}{r,m,n}(U) = HD:’;mnm (Uz)v (4214)

which is just a product of irreps r, at each z.
(a) Show that

Pot(r,mny(U) = (U Bole)) (4.215)
=d; N Tr [D™(Uo)D™ (Uy) -+ D™ =" (Un—1)]
X6T0T1 T 67’N—1""0 6n0m16n1m2 T 6”N—1m0‘

Hence, the gauge-invariant component is non-zero only if all irreps
are equal, say r, and it is a Wilson line in the spatial direction.
(b) Show that the energy spectrum of the system is given by

E, = —N[ln ao + 1n<<)i+>1)} : (4.216)

r



(iii)
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where
(Xr)1 = JdU e, ()
/i [ dU e-(V)

(4.217)

(c) Show for g — 0, using a saddle-point expansion about U = 1,
that

(Xr>1 r

i 1C5g* + O(gh), (4.218)

r
where (] is the value of the quadratic Casimir operator in the
representation 7. This result holds independently of the detailed
choice of k,’s, as long as they satisfy the constraint (4.212),
(d) Restoring the lattice spacing a, L = Na, deduce from the
result above that, in the continuum limit, the energy spectrum
takes the universal form

E, — Ey = 1g°Cj L. (4.219)

Glueball masses and string tension
Simple glueball operators may be defined in terms of the pla-
quette field TrU,, where p = (x,m,n) denotes a spacelike pla-
quette. When this operator acts on the ground state (vacuum
state) it creates a state with the quantum numbers of the pla-
quette. Similarly, a string state may be created by the operator
Ux,y = [[,cc Ui, where the links [ belong to an open contour from
x to y. The string state defined this way is not gauge invariant at
x and y; it has to be interpreted as a state with external sources
at these points.

Using the transfer-operator formalism, derive to leading order
a strong coupling formula for the glueball mass corresponding
to the plaquette, and for the string mass corresponding to U y.
Use lattice units @ = a; = 1. Note that the potential energy
factors exp(—a;1¥/2) in the transfer operator may be neglected
to leading order in 1/g2.
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U(1) and SU(n) gauge theory

In this chapter we make a first exploration of U(1) and SU(n) ‘pure
gauge theories’ (i.e. without electrons or quarks etc.), the static potential
and the glueball masses.

5.1 Potential at weak coupling

According to (4.206) the static potential V (r) in a gauge theory is given
by the formula
.1

V(r) = —tlgglo n InW(r,t), (5.1)
where W (r,t) is a rectangular r x t Wilson loop in a lattice of infinite
extent in the time direction (fig. 5.1). We shall first evaluate this formula
for free gauge fields and then give the results of the first non-trivial order
in the weak-coupling expansion. This will illustrate that (5.1) indeed
gives the familiar Coulomb potential plus corrections.

I

%)
r

Fig. 5.1. A rectangular Wilson loop for the evaluation of the potential.

114
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First we consider the compact U(1) gauge theory (4.182), in which the
external source J,(z) specified in (4.186) serves to introduce the Wilson
loop. In this case (5.1) can be rewritten as

.1 TZ(J)
V(r) = —tlgglo Zln [m} . (5.2)

The weak-coupling expansion can be obtained by substituting U, (z) =
exp[—igaA,(z)] into the action,

1 1

S==> (7[Fuwel” = 0@ [Fuval* +--- ), (5.3)
o 4 48

F;wz = a;LAVz - 6VAMI7 (54)

and expanding the path integral in the gauge coupling g. The first term
in (5.3) is the usual free Maxwell action (non-compact U(1) theory). The
other terms are interaction terms special to the compact U(1) theory.

As usual, gauge fixing is necessary in the weak-coupling expansion.
This can be done on the lattice in the same way as in the continuum
formulation. We shall not go into details here (cf. problem (i)), and just
state that the free part of S (the part quadratic in A,) leads in the
Feynman gauge to the propagator

2

a
D v - 6 v I
ur (P) = O >-,(2 —2cosapy)
1
= 5,“,?, ap — 0. (5.5)
This is similar to the boson propagator (2.111). In position space
w/a d* 2
D a
D,,(x—y)=D"* =6,, 28 ip(z—y)
v (T —y) zy I a/a (2m)4 € Zu(2 — 2cosap,)
1 2/ 2
— 6”"74#(3: 7 (x —y)’/a® — oo. (5.6)

The large-z behavior of D, (x) corresponds to the small-p behavior of
D, (p). This can be shown with the help of the saddle-point method
for evaluating the large-x behavior.

To leading order in g2, Z(J) is given by

Z(J) = 29" Toy Ju(@) Do (a=0) 1 (4) 7)), (5.7)
and
11
(1) = 136 S Ju@ Dyl = ) Ju(y), t 00 (59)
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Fig. 5.2. Diagram illustrating %g2 >»JDJ.

S| b

(a) (b) (c) (d) (e)

Fig. 5.3. Typical contributing diagrams.

This expression leads to the diagram in figure 5.2. With the currents J
flowing according to figure 5.1, the following types of contributions can
be distinguished (fig. 5.3). Diagram (d) is a self-energy contribution,

t/2
1 1, .
592 %): JD.J = §g2(2)2 Z » Dy4s(0, 24 — y4), (5.9)
T4,Yya=—

where the times #; and ¢, in figure 5.1 have been taken as +t/2. We
may first sum over y4. For t — 0o this summation converges at large y4
and becomes independent of 4. The summation over y, sets ps in the
Fourier representation for D to zero (cf. (2.90)),

1 1 >
§gQZJDJ~—§gzt Z Dys (0,24 — ya)

(d) Ya=—00
— _ngt/ﬂ/a d4p eip4(904—y4) a’
2 —n/a (2m)* >-,(2—2cosapy)
= _192;5/”/& d*p a?
2 —m/a (27T)3 E?:l (2 — 2cos ap])
1
= ——g°tv(0), (5.10)

2



5.1 Potential at weak coupling 117

1 2 3

Fig. 5.4. Vertices in the compact U(1) theory.

where

w/a 43 ) 2
v(x) = / p3 O (5.11)
—m/a (27T) Zj:l (2 — 2cos apj)

is the lattice-regularized Coulomb potential. Its numerical value at the
origin is given by

av(0) =0.253---. (5.12)
The contribution of type (e) is given by

LS ID g~ L i)/t/2 dz dy !

5 ~ 97— 40Y4 )
2 © 2 —t/2 4m?[(z4 — ya)? +1?]
where we assumed 7/a > 1 such that the asymptotic form (5.6) is valid
and the summations over x4 and y4 may be replaced by integrations.
Proceeding as for diagram (d) we get

(5.13)

12ZJDJ IQt/ood !
2! @) 270 M e =y + 7

= %g2t4—717r : (5.14)
From these example calculations it is clear that the diagrams of types
(a), (b) and (c) do not grow linearly with ¢. Remembering that there
are two contributions of types (d) and (e) (related by interchanging x

and y) we find for the potential to order g2
V(x) = ¢°[v(0) — v(x)], (5.15)

as expected.

Let us now briefly consider higher-order corrections in the compact
U(1) theory. The series (5.3) for S leads to interaction vertices of the
type shown in figure 5.4, which are proportional to (ag)”~2. Their effect
vanishes in the continuum limit, unless the powers of a are compensated
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Fig. 5.5. A self-energy diagram in the compact U(1) theory.

by powers of a~!' coming from divergent loop diagrams. An example

of this is the self-energy diagram figure 5.5, which leads to a ‘vacuum-
polarization tensor’ (cf. problem (ii))

., (p) = —19°(6,wp® — Pupy) + O(a?), (5.16)

and a modified propagator

D, = p*6u + 0(a?) + I (p), (5.17)
DLV(p) = Z(gQ)(S,“,I% + terms & pypy, (5.18)
Z(g*) =[1-39° +O(g")] ™" (5.19)

The terms o< p,p, do not contribute to the Wilson loop because of gauge
invariance, as expressed by ‘current conservation’ 8;“],” = 0. Further
analysis leads to the conclusion that there are no other effects of the
self-interaction in the weak-coupling-expansion continuum limit. Note
that Z(g?) is finite, i.e. it does not diverge as a — 0.

We conclude that in the compact U(1) theory the potential is given
by

1
Vir)= —gQZ(gQ)E + constant + O(a?), — oo, (5.20)

which is just a Coulomb potential. To make contact with the free

Maxwell theory we identify the fine-structure constant «,
e _9°Z(g%)

=—— =" 5.21

T A ( )

The compact U(1) theory is equivalent to the free Maxwell field at weak

coupling.
We now turn to the SU(n) gauge theory. A calculation to order
g* gives in this case the result for the magnitude of the force, F(r),
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Fig. 5.6. Gluon self-energy contribution to the Wilson loop.

neglecting O(a?):

F(r) = 6;{7«) = 47rlr2 Co {92 + 4181;94 [ln(Z—i) +c] +O(96)}-
(5.22)

Here C} is the value of the quadratic Casimir operator in the representa-
tion of the Wilson loop and ¢ is a numerical constant which depends on
lattice details. Some aspects of the calculation are described in [43]. The
logarithm in (5.22) comes from the Feynman gauge self-energy contri-
bution shown in figure 5.6, which is not present in the U(1) theory. The
formula (5.22) exhibits the typical divergences occurring in perturbation
theory. It diverges logarithmically as a — 0. This problem is resolved
by expressing physically measurable quantities in terms of each other.
Here we shall choose an intuitive definition of a renormalized coupling
constant gg at some reference length scale d, by writing

_ Cogi
T 4Axd?’

F(d) (5.23)

This gg is defined independently of perturbation theory. Its expansion
in g> follows from (5.22),

1in [ [(d? |
2 _ 2 4
Igr=9 + 1872 _ln<§> +c_ g+, (5.24)
which may be inverted,
s o ln [ [(d 1 4
g —gR—@_ln ? +C-gR+"'. (525)

The original parameter g in the action has to depend on a if we want to
get a gg independent of a. This dependence is here known incompletely:
we cannot take the limit ¢ — 0 in (5.25) because then the coefficient of
g blows up (and similarly for the higher-order coefficients). The limit
a — 0 will be discussed in the following sections. Insertion into (5.22)
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leads to the form
1 ,  ln , (1 ]
F(r) = Wcz [QR + 1’2 IR ln(ﬁ> +O(gr) |, (5.26)

from which all dependence on a has disappeared to this order in ggr. The
renormalizability of QCD implies that all divergencies can be removed
in this way to all orders in perturbation theory.

5.2 Asymptotic freedom

The perturbative form (5.26) is useless for r — 0 or r — oo, since
then the logarithm blows up. It is useful only for r of order d, the dis-
tance scale used in the definition of the renormalized coupling constant
gr - So let us take d = r from now on. Then ggr = gr(r). We can ex-
tract more information from the weak coupling expansion by considering
renormalization-group beta functions, defined by

Br(gr) = —r %QR, (5.27)
5(9) = ~a g (5:29)

It is assumed here that gg can be considered to depend only on r and
not on a — its dependence on a is compensated by the dependence on
a of g. Then the r- and a-dependence on the right-hand side of (5.27)
and (5.28) can be converted into a ggr — and g-dependence, respectively,
using (5.25) and (5.24), giving

11n 4
Br(gr) = EpTCIH +- (5.29)
11n 4
Blg) = —1g 29 + (5.30)
Actually the first two terms in the expansions
Blg) = —Brg® — Bag® — Bag” — -+, (5.31)
Br(9r) = —Pr19n — Progn — Pragh — - (5.32)

of the two beta functions are equal. The argument for this is as follows.
Let

gr = F(t,9) (5.33)

t:ln(—), 9= 9(a), gn=gm(r), (5.34)
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Make a scale transformation a — Aa, r — Ar, which does not affect
t, and differentiate with respect to A, setting A = 1 afterwards. Then
9/0X =ad/da =rd/0r, and

_ O _OF (05) _ _0F
Inserting the expansions for 3(g) and
gr =9+ Fi(t)g’ + Fa(t)g® + -, (5.36)
g=grn—F(t)gi +--, (5.37)

gives

—Br(gr) = [1 4 3Fig> + O(gM)][B1g” + B2g° + O(g")]
=1+ 3Fig5 + O(gp)] (B8 — 3B1F1g, + Bagi: + O(g)]
= B1gd + Bagii + O(gh)- (5.38)

Any coupling constant related to g by a series of the type (5.36) has the
same beta function, so we may take the coefficient 8> from calculations
in the continuum using dimensional regularization,

102 11n

N 2 —
Po= 10100 Pr= g

(5.39)

The remarkable fact in these formulas is that the beta functions are
negative in a neighborhood of the origin, implying that the couplings
become smaller as the length scale decreases. This property is called
Agsymptotic Freedom. As we shall see, it implies that ¢ — 0 in the
continuum limit. We come back to this in a later section. It suggests
furthermore that perturbation theory in the renormalized coupling gr
becomes reliable at short distances, provided that a ‘running gg’ can be
used at the appropriate length or momentum scale. In the case of the
potential V(r) there is only one relevant length scale, r, and we can use
the r-dependence of gr(r) to our advantage, as will now be shown.

The precise dependence of gg(r) for small r follows by integrating the
differential equation (5.27),

Ogr N

dlnr ~Prigr),

—Inr = " _d:n
Br(z)

1 Other authors write Bo,1 for our B 2.
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[ 5+ 0w

1
= + B— In gr + constant + O (g3 ). (5.40)
2/8193 1

The integration constant can be partially combined with Inr to form a
dimensionless quantity In(rAy) in a way that has become standard:

1 LB
Brg 51

Note the ‘In 81 convention’. Note also that Ay can be defined precisely
only if the > term is taken into account—the O(gf) term no longer
involves a constant term. This formula can be inverted so as to give gr

- ln(r2A%,) = ln(,BlgR) + O( 5)- (5.41)

as a function of r,

1
B1g§:g &—l s+ 0(s ?Ins), (5.42)

s=—In(r 2AV). (5.43)

Inserting this into the force formula (5.23) for d = r gives

Cs Bt
4rr? s+ (B2/B%)s ' Ins+ O(s~21Ins)

F(r)= (5.44)

So the short distance behavior of the potential can be reliably com-
puted (‘renormalization group improved’) in QCD by means of the weak-
coupling expansion. However, this expansion tells us nothing about the
long-distance behavior, because gg(r) increases as r increases, making
the first few terms of the weak-coupling expansion irrelevant in this
regime.

A second important implication of asymptotic freedom is the appli-
cation of the renormalization-group equation to the bare coupling g.
Integration of (5.28) leads to the analog of (5.41) for the bare coupling,

1 B2
Prg®> B}

where we introduced the ‘lattice lambda scale’ Ar,. The analog of (5.42),
Big® ~ 1/ In(@®A})], (5.46)

shows that the bare coupling vanishes in the continuum limit ¢ — 0.
This means that the critical point of the theory (the one that is physically
relevant, in case there is more than one) is known: it is g = 0.

—In(a®A7) = 5 In(B19°) + O(9*), (5.45)
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The inverse of (5.45) can be written as
1 - -
AL = 5(Big®) /eI 1+ 0(g)) (5.47)

This equation is sometimes accompanied by the phrase ‘dimensional
transmutation’: the pure gauge theory has no dimensional parameters
(such as mass terms) in its classical action and we may think of trans-
forming the bare coupling g into the dimensional lambda scale via the
arbitrary regularization scale 1/a. As we shall see later, all physical
quantities with a dimension are proportional to the appropriate power
of Ay, (asin (1.4)).

The Ay and Ay, are examples of the QCD lambda scales which set the
physical scale of the theory. They are all proportional and their ratios
can be calculated in one-loop perturbation theory. Let us see how this is
done for the ratio Ay /Ar. The one-loop relation (5.25) can be rewritten

as
1 1

B19? B 619}2{
Inserting this relation into (5.47) and letting a and d go to zero with
d/a fixed, such that g and gr go to zero, gives

+ ln(Z—z> + c} + O(g3). (5.48)

e ¢ - 2 2
AL = 5 (Bugh)~/Pre /P n (1 + O(gh)] (5.49)
=A% e (5.50)

Hence the ratio is determined by the constant ¢, which depends on the
details of the regularization.

A comparison of lambda scales on the lattice and in the continuum
was done some time ago [45, 46, 47]. The relation with the popular
MS-bar scheme (modified minimal subtraction scheme) in dimensional
renormalization is

% = exp[(1/16n — 0.0849780n)/B1] (5.51)
L
=19.82, SU(2) (5.52)
=28.81, SU(3). (5.53)

A calculation [48] of the constant ¢ in the MS-bar scheme then gave the
relation to the potential scheme Ay, (v = 0.57 - - - is Eulers’s constant)

% = exp[y — 1 — (1/16n — 0.095884n)/}31] (5.54)
L

=20.78, for SU(2) (5.55)
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= 30.19 for SU(3). (5.56)

5.3 Strong-coupling expansion

The strong-coupling expansion is an expansion in powers of 1/g%. It has
the advantage over the weak-coupling expansion that it has a non-zero
radius of convergence. A lot of effort has been put into using it as a
method of computation, similarly to the high-temperature or hopping
expansion for scalar field theories, see e.g [6, 44]. One has to be able
to match on to coupling values where the theory exhibits continuum
behavior. This turns out to be difficult for gauge theories. However, a
very important aspect of the strong coupling expansion is that it gives
insight in the qualitative behavior of the theory, such as confinement and
the particle spectrum. There are sophisticated methods for organizing
the strong-coupling expansion, but here we give inly a minimal outline
of the basic ideas.

We start again with the compact U (1) theory. Let p be the plaquette
(x, 1, v), p <v. We write the compact U(1) action in the form

S = Z L(Up) + constant, (5.57)
LU,) = Q—;Q(U,, LU, (5.58)
Uy = Uy (&) = Uy (2)*. (5.59)

In the path integral we expand exp S in powers of 1/g2. First consider

1 U, Ul = - —1 Ly urur 5.60
exp @( p T+ p) _an;Om!n! @ p “p ° ( )

Since U, = Up’1 we put m = n + k and sum over n and k, k =

0,£1,+2, ..., which gives

() Gp) e D )

n=0 n=0
. i 00 1 1 2n+k
e+ (U +USE — = 5.61
ot U+ );(n+k)!n!(2g2> + (5:61)
Recognizing the modified Bessel function Iy,
o0
1 T 2n+k
Iy(w) = Ip(z) = ) m(§) ; (5.62)

n=0
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we find
- 1
oL Up) — Z I (g—2> Uy. (5.63)
k=—oc0

This is actually an expansion of exp L(Up) in irreducible representations
of the group U(1), labeled by the integer k. It is useful to extract an
overall factor,

") = £ " ar Uy, (5.64)

k
ay(1/g%) = 728?325 (5.65)
f(1/g*) = Io(1/4°). (5.66)

The coefficients ay, are of order (1/g%)*.
Consider now the expansion of the partition function Z = [ DUexp S.
Using (5.57) and (5.64) we get a sum of products of UF’s,

Z = /DUZ (coefficient) H Uy. (5.67)

Each U* is a product UFUSU; U, * of the four link variables Uy, ..., Uy
of the plaquette p, raised to the power k. A given link variable belongs
to 2d plaquettes (in d dimensions). For each link there is an integration
J dU over the group manifold, which for the group U(1) is simply given

by
r o do irf
AU = [ =" =5, (5.68)
0

™

where r is an integer. Hence the group integration projects out the trivial
(r = 0) representation. Now r is the sum of the k’s belonging to the
plaquettes impinging on the link under consideration. It follows that,
after integration, the non-vanishing terms in (5.67) can be represented
by diagrams consisting of plaquettes forming closed surfaces, as in fig.
5.7. We can interprete this as follows. Each plaquette carries an amount
of electric or magnetic flux (depending on its being time-like or space-
like; recall that it corresponds to a miniature line current), labeled by
k. The integration over the link variables enforces conservation of flux,
as illustrated in figure 5.8. If the surface is not closed, then [dU" =0
along each link of its boundary.
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] A

(a) (b) (c)

Fig. 5.7. Simple diagrams contributing to the partition function. The hatched
area in (b) belongs to the closed surface. Diagram (c) is disconnected.

k [

Fig. 5.8. Conservation of flux in three dimensions: k+1+ m = 0.
Diagram (a) in figure 5.7 represents the leading contribution to Z,

Z = fYia=n/21q 4 %Vd(d ~1D)d-2)> (a)*+--+|,  (5.69)
’ k#£0

where V' is the number of lattice sites, Vd(d — 1)/2 is the number of
plaquettes, Vd(d — 1)(d — 2)/3! is the number of ways the cube can be
embedded in the d-dimensional hypercubic lattice (d > 3) and 6 is the
number of faces of the cube.

The expansion can be arranged as an expansion for In Z containing
only connected diagrams, called polymers.

For a general gauge theory the derivation of the strong coupling ex-
pansion is similar. One writes

L(U,) = 5 Rea(Ty), (5.70)

where x¢(Up) is the character of U, in the fundamental representation.
Recall (we encountered this before in section 4.7)) that these characters
are orthonormal,

/ 4U X (U)X (U)* = by, (5.71)
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and complete for class functions F(U) (which satisfy F(U) = F(VUV ~1)).
Next exp L is written as a character expansion,

") = f+ Y dearx (Up), (5.72)
r#0

where 7 = 0 denotes the trivial representation U, — 1 and d, = x,(1)
is the dimension of the representation r. The expansion coefficients are
given by

f= /dUeL(U), (5.73)
[ dU el W)y
dra,, = W (574)

For the group U(1), r = 0,£1,42,..., 8 = 1/¢°, x,(U) = exp(irf)
and we recover (5.65) from the integral representation of the Bessel func-
tions

I.(z) = %/0 df cos(kf) e®°s?. (5.75)

For the group SU(n), x¢(1) = n and
B =2n/g> (5.76)
The leading (-dependence of a¢(53) is easily found,

£(8) = / U7 e(B/2m (et

nar(8) = £(8)* [ U ety
_B
= g +OF), n>2 (5.78)
= H0(E), =2, (5.79)

For SU(2) the characters are real. In terms of g2,
1

af:_2_+_...,n:2, (580)
g
1
=—4--- =3,4,.... .81
ng2+ , n ,4, (5.81)

Up to group-theoretical complications (which can be formidable) the
strong-coupling expansion for general gauge groups follows that of the
U(1) case. The graphs are the same, but the coefficients differ.
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Fig. 5.9. A small Wilson loop with compensating plaquettes.
L~
+ +

Fig. 5.10. Leading diagrams for a large Wilson loop.

5.4 Potential at strong coupling

We now turn to the expectation value of the rectangular Wilson loop
(U(C)), from which the potential can be calculated. The links on the
curve C' contain explicit factors of U that have to be compensated by
plaquettes from the expansion of exp .S, otherwise the integration over U
gives zero. Figure 5.9 shows a simple example. The contribution of this
diagram is (the Wilson loop is taken in the fundamental representation
of U(1))

[a1(1/6)]", (5.82)

which is the leading contribution for this curve C'. Recall that a; is given
by

o Li(1/gY) 1 1 1\?

In higher orders disconnected diagrams appear. It can be shown,
however, that disconnected diagrams may be discarded: they cancel out
between the numerator and denominator of (U(C)). The expansion can
be rewritten as a sum of connected diagrams. Figure 5.10 illustrates the
leading terms for a large Wilson loop,

W(r,t) = ai* +2(d — 2)Aa* + - - (5.84)

where A is the area of the loop, in lattice units A = rt. Boundary correc-
tions are also in the --.. The higher orders correspond to ‘decorations’
of the minimal surface.
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UU+ %

Fig. 5.11. Integration of a link variable.

The potential V (r) follows now from (5.1) and A = rt,

1
V(r) = " InW(r,t)
= —[lna; +2(d - 2)a} +---]r. (5.85)
For r — 0o, A — 0o and the boundary corrections become negligible.
Hence, the potential is linearly confining at large distances,
V(r) mor, r— oo, (5.86)
o=—Ina; —2(d—2)aj +---. (5.87)
At strong coupling the compact U(1) theory is confining.
For other gauge theories the calculation of the leading contribution

to a Wilson loop in the fundamental representation goes similarly. A
useful formula here is

/ 4 X (VW01 = 20 (v, (5.88)
which follows from
1 1
/ AU Dy (U)Dt (U)° = Syt S 7 (5.89)

seen earlier in (4.145). The use of this formula is illustrated in fig. 5.11.
Successive integration in the simple Wilson-loop example in figure 5.9
is illustrated in figure 5.12. Each arrow in figure 5.12 denotes the result
of ‘integrating out a link’. The equality signs symbolize UUT = 1. Note
that the factors d, in (5.88) cancel out with those in (5.72). Hence
the numerical value of the diagram is d,.a,(8)*, for a Wilson loop in
representation r.

Another way to see this is as follows: in figure 5.9 there are n; = 12
links, n, = 4 plaquettes and ns; = 9 sites. Integrating over each link
gives a factor d,™ by (5.89) and contracting the Kronecker delta’s at
each site gives a factor d?s. Each plaquette has a factor d,> by (5.72).
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Fig. 5.12. Integrating the leading contribution to a 2 x 2 Wilson loop.

For a simple surface without handles, the Euler number is

—np+ns+n,=1

= leading contribution = (d,.) """ [d,a,.(8)]"™ = d,a,.(3)"™. (5.90)

For a Wilson loop in the fundamental representation of the SU(n)
theory the first few terms in the expansion for the string tension

o=—Ina(B) —2(d—2)as(f)* +---. (5.91)

are similar to the U(1) result (5.87). In higher orders the a,(8) corre-
sponding to other irreps enter. The final result may then be re-expressed
by expansion in powers of 1/ng>.

5.5 Confinement versus screening

In the previous section we saw that the U(1) and SU(n) potentials are
confining in the strong coupling region. From the derivation we can see
that this is true for external charges (Wilson loops) in the fundamental
representation of any compact gauge group. However, external charges
in the adjoint representation of SU(n) are not confined. This is because
the charges in the adjoint representation can be screened by the gauge
field. A adjoint source is like a quark-antiquark pair, as illustrated
intuitively in figure 5.13. We now show how this happens at strong
coupling.

Let U denote the fundamental representation (as before) and R the
adjoint representation. The latter can be constructed from U and U,

Ry = 2Tr (Ut Ut)), (5.92)
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e

(a) (b)

Fig. 5.13. Flux lines for sources in the fundamental (a) and the adjoint (b)
representation.

W ;

(a) (b)

Fig. 5.14. Diagram contributing to a Wilson loop in the adjoint representation;
(b) is a close up of a piece of the circumference in (a). The wavy line indicates
the adjoint representation.

where the t; are the generators in the fundamental representation. Since
R is an irrep,

/ dU Ry(U) = 0. (5.93)
To compensate the R’s on the links of the adjoint Wilson loop
TrR(C)=Tr [[ R (5.94)
lec

by the plaquettes from the expansion of exp .S, we may draw a Wilson
surface and find in the same way as in the previous section the seemingly
leading contribution

duaa(B)", du=n? -1, (5.95)

with A the minimal surface spanned by C. However, there is a more
economical possibility for large A, illustrated in figure 5.14. The tube of
plaquettes is able to screen the adjoint loop. To evaluate this contribu-
tion we unfold the tube as in figure 5.15. The links in the interior can
be integrated out as in figure 5.12, as illustrated in figure 5.16. The first
step gives a factor drag(3)™> with N, the number of plaquettes (df = n).
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Fig. 5.15. Unfolding the tube of plaquettes. The horizontal and vertical
boundaries are to be identified.
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Fig. 5.16. Integrating out the interior.

The second step gives an additional factor 1/ds. There remains the in-
tegration over the links of the Wilson loop, which leads to integrals of
the type (for n > 3) (cf. (A.93) in appendix A.4)

/dU UgUT Ry = d—laz(tk);(t,)g, n>2, (5.96)
as illustrated in figure 5.17. So we get a trace of the form
2d, " (t)g, (t)f 2d, " (0)g (tm)? - (t)% = 1, (5.97)
since 2 Tr (t;ty) = n?> — 1 = d,. This leads to a factor
as(B)*F, (5.98)

where P is the perimeter of the (large) adjoint loop in lattice units:
P = 2(r +t), and the factor 4 in the exponent reflects the fact that
there are four plaquettes per unit length.

The leading contributions of the perimeter and area type in the SU (n)
theory are given by

Wa(r,t) ~ (% = 1)(aa)"™ + - + 2(d — 1)(d — 2)(ag)?" D + -, (5.99)
which by (5.1) leads to a potential

V(r)=ocegr, r< VU(C:)
= V(c0), > VU(Z:), (5.100)

with

Oeff = —Inag + -+, (5.101)
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4 q 4 r 14

a b b C a

Fig. 5.17. Link variables on the adjoint loop.

V(o) = —8lnas + - -+, (5.102)
ar = (ng®) ™' + -,
_ n? 2y—2
aa—n2_1(ng) +-e- (5.103)

(This behavior of a, follows easily from (5.74) and (5.96).)

At large distances the potential approaches a constant. The sharp
crossover from linear to constant behavior (at r ~ 4) is an artifact of
our simplistic strong-coupling calculation. Still, the calculation suggests
that there is an intermediate region where the potential is approximately
linear with some effective string tension oeg, although strictly speaking
the string tension, defined by o = V' (r)/r, r — oo, vanishes for adjoint
sources.

To decide wether static charges in an irreducible representation r can
be screened by the gauge field, we consider the generalization of (5.96),

1= [ U D3, ) D O DLW, (5.104)

where s denotes the irreps of the two screening plaquettes. If the integral
I is zero, the source cannot be screened, and vice-versa. Let Z; denote
an element of the center of SU(n), i.e. Z € SU(n) commutes with all
group elements and it is represented in the fundamental representation
as a multiple of the identity matrix,

(Zp)g = ek /mge |k =0,1,...,n— 1. (5.105)

Irreps r can be constructed from a tensor product UQU ---U®UT---®
Ut, say p times U and ¢ times U, so r can be assigned an integer
v(r) = p— ¢ mod n, from the way it transforms under U — Z,U:

Di(Z:U) — e¥27/m pr (). (5.106)

The integer v(r) is called the n-ality of the representation (triality for
n = 3). Making the change of variables U — Z,U in (5.104) gives

I =evm2m/ny (5.107)
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Fig. 5.18. The leading strong-coupling diagram for the plaquette-plaquette
correlator. Time runs horizontally.

and we conclude that I = 0 if the n-ality v(r) # 0. Sources with non-
zero n-ality are confined; sources with zero m-ality are not confined. In
QCD, static quarks have non-zero triality and are confined.

5.6 Glueballs

The particles of the pure gauge theory are called glueballs. They may be
interpreted as bound states of gluons. Gluons appear as a sort of pho-
tons in the weak-coupling expansion and, because of asymptotic free-
dom, they manifest themselves as effective particle-like excitations at
high energies. However, gluons do not exist as free particles because of
confinement, as we shall see.

Masses of particles can be calculated from the long distance behavior
of suitable fields. These are gauge-invariant fields constructed out of the
link variables U, such as Wilson loops, with the quantum numbers of
the particles being studied. The transfer-matrix formalism shows that
an arbitrary state can be created out of the vacuum by application of
a suitable combination of spacelike Wilson loops. The simplest of these
is the plaquette field Tr Up,pnz, m,n = 1,2,3. The plaquette—plaquette
expectation value (4.97) can be calculated easily at strong coupling. The
relevant diagrams consist of tubes of plaquettes, as in fig. 5.18. Since
there are four plaquettes per unit of time, the glueball mass is given
by m = —4lnag(f) + ---. The higher-order corrections correspond to
diagrams decorating the basic tube of fig. 5.18, which will also cause the
tube to perform random walks.

The plaquette can be decomposed into operators with definite quan-
tum numbers under the symmetry group of the lattice, and such oper-
ators can in turn be embedded into representations of the continuum
rotation group of spin zero, one and two. To be more precise, the quan-
tum numbers J¢ (.J = spin, P = parity, C = charge conjugation parity)
excited by the plaquette are 0T, 1t~ and 2+, which may be called
scalar (S), axial vector (A) and tensor (T'). The description of glueballs
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confinement  Coulomb
1 1 1 (a)
0 B infinity

confinement
1 1 (b)
0 B infinity

Fig. 5.19. Phase diagram of the compact U(1) gauge theory (a) and the SU(n)
gauge theory, n = 2,3 (b).

with other quantum numbers requires more complicated Wilson loops.
The terms in the strong-coupling series

mj = —4lnu+ Zm;” ukb, j=8AT, u=a(p), (5.108)
k

have been calculated to order u® for gauge groups SU(2) and SU(3)
[91, 92]. See [10] for details.

Since the strong-coupling diagrams are independent of the (compact)
gauge group (but their numerical values are not), also the U(1) and e.g.
Z(n) gauge theoriest have a particle content at strong coupling similar
to that of glueballs.

5.7 Coulomb phase, confinement phase

We have seen that all gauge theories with a compact gauge group such as
U(1), SU(n) and Z(n) have the property of confinement at strong cou-
pling, and the emerging particles are ‘glueballs’. On the other hand, we
have also given arguments, for U(1) and SU(n), that the weak-coupling
expansion on the lattice gives the usual universal results for renormalized
quantities found with perturbation theory in the continuum.

In particular the compact U(1) theory at weak coupling is not con-
fining and it contains no glueballs but simply the photons of the free
Maxwell theory. The physics of the compact U(1) theory is clearly
different in the weak- and strong-coupling regions. This can be un-
derstood from the fact that there is a phase transition as a function
of the bare coupling constant (figure 5.19). One speaks of a Coulomb
phase at weak coupling and a confining phase at strong coupling. In
the Coulomb phase the static potential has the standard Coulomb form

t Z(n) is the discrete group consisting of the center elements (5.105) of SU(n).
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V = —g& /4mr + constant, whereas in the confinement phase the poten-
tial is linearly confining at large distances, V' & or. There is a phase
transition at a critical coupling 8. = 1/g2 ~ 1.01, at which the string
tension o () vanishes; see for example [95].

The Wilson loop serves as an order field in pure gauge theories. Con-
sider a rectangular r x t Wilson loop C, with perimeter P = 2(r +t) and
area A = rt. When the loop size is scaled up to infinity, the dominant
behavior is a decay according to a perimeter law or an area law:

W(C) ~e~“F, Coulomb phase, (5.109)
W(C) ~ e 4, confinement phase. (5.110)

Here € may be interpreted as the self energy of a particle tracing out the
path C in (Euclidean) space-time, and o is the string tension experienced
by a particle.

There is no phase transition in the SU(2) and SU(3) models with the
standard plaquette action in the fundamental representation in the whole
region 0 < 8 < oo (8 = 2n/g?). This conclusion is based primarily on
numerical evidence (see e.g. the collection of articles in [5]) and it is also
supported by analytic mean-field calculations (see e.g. [6] for a review).
The absense of a phase transition, combined with confinement at strong
coupling, may be interpreted as evidence for confinement also in the
weak-coupling region.

It should be kept in mind that the phase structure of a theory is not
universal and depends on the action chosen. Only the scaling region
near a critical point is supposed to have universal properties. For exam-
ple, in SU(n) gauge theory with an action consisting of a term in the
fundamental representation and a term in the adjoint representation,

S = [Bed; "ReTr Uy + Bud,, 'Re Tr D*(U,)], (5.111)

p

the phase diagram in the f¢—f, coupling plane looks schematically like
figure 5.20. This figure shows two connected phase regions; the one
relevant for QCD is the region connected to the weak-coupling region
Be/2n + Ban/(n? —1) = 1/g*> — oo (recall (4.85)). For n > 3 the phase
boundary going downward in the south-east direction crosses the [ axis.
This implies that, for n > 3, the model with only the standard plaquette
action in the fundamental representation shows a phase transition. It
is, however, not a deconfining transition because we can go around it
continously through negative values of the adjoint coupling 3,.
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B
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Fig. 5.20. Qualitative phase diagram of mixed-action SU(n) gauge theory for
n=2,3.

The phase structure of lattice gauge theories is rich subject and for
more information we refer the reader to [5] and [6], and [10].

5.8 Mechanisms of confinement

As we have seen in section 5.1, the calculation of the static potential from
a Wilson loop to lowest order of perturbation in g2 gives a Coulomb po-
tential. In the compact U(1) theory, higher orders did not change this
result qualitatively, whereas in SU(n) gauge theory, there are logarith-
mic corrections, that can be interpreted in terms of asymptotic freedom.
However, there is no sign of confinement in weak-coupling perturbation
theory. This can be understood from the fact that we expect the string
tension to depend on the bare coupling g as

1 2 2
Vo = Cohy = Cy = (Big?) PRI L4 O(2)],  (5.112)

which has no weak-coupling expansion (all derivatives 9/8g? vanish at
g = 0). The physical region is at weak coupling, where the lattice spacing
is small, so how can we understand confinement in this region?

Non-perturbative field configurations have long been suspected to do
the job. Such configurations are fundamentally different from mere
fluctuations on a zero or pure-gauge background. We mention here in
particular magnetic-monopole configurations envisioned by Nambu [49],
't Hooft [50], and Polyakov [41], and Z(n) vortex configurations put
forward by 't Hooft [51] and Mack [52].

It can be shown that the confinement of the compact U(1) theory
is due to the fact that it is really a theory of photons interacting with
magnetic monopoles (see e.g. the first reference in [53] for a review).
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These monopoles condense in the confinement phase in which the model
behaves like a dual superconductor. In a standard type-II superconduc-
tor, electrically charged Cooper pairs are condensed in the ground state,
which phenomenon causes magnetic-field lines to be concentrated into
line-like structures, called Abrikosov flux tubes. Magnetic monopoles,
if they were to exist, would be confined in such a superconductor, be-
cause the energy in the magnetic flux tube between a monopole and an
antimonopole would increase linearly with the distance between them.

In a dual superconductor electric and magnetic properties are inter-
changed. The compact U(1) model is a dual superconductor in the
strong-coupling phase, in which the magnetically charged monopoles
condense and the electric-field lines are concentrated in tubes, such that
the energy between a pair of positively and negatively charged particles
increases linearly with distance. In this way the model is an illustration
of the dual-superconductor hypothesis as the explanation of confinement
in QCD.

At weak coupling the monopoles decouple in the compact U(1) model,
because they are point particles that acquire a Coulomb self-mass of
order of the inverse lattice spacing a . However, in SU(2) gauge theory,
according to [53], there are ‘fat’ monopoles that have physical sizes and
masses, and do not decouple at weak bare gauge coupling g>. They
remain condensed as g> — 0 and continue to produce a non-zero string
tension for all values of g2. A similar mechanism is supposed to take
place in SU(n) gauge theory for n > 2.

The mechanism for confinement in SU(n) gauge theory proposed by
Mack is condensation of fat Z(n) vortices. The latter cause an area-type
decay of large Wilson loops in much the same way as in the Z(n) gauge
theory at strong coupling.

There seems to be more than one explanation of confinement, depend-
ing on the gauge one chooses to work in. This may seem disturbing,
but, e.g. also in scattering processes, different reference frames (such
as ‘center of mass’ or ‘laboratory’) lead to different physical pictures.
Numerical simulations offer a great help in studying these fundamental
questions. Lattice XX reviews are in [54], see also [55, 56, 57, 58, 59].

5.9 Scaling and asymptotic scaling, numerical results

We say that relations between physical quantities scale if they become
independent of the correlation length ¢ as it increases toward infinity.
In practice this means once ¢ is sufficiently large. In pure SU(n) gauge
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theory the correlation length is given by the mass in lattice units of the
lightest glueball, £ = 1/am. For instance, glueball-mass ratios m;/m;
are said to scale when they become approximately independent of £.
Typically one expects corrections of order a?,

m;/m; = rij +ri;a’m® + O(a*). (5.113)

For the usual plaquette action am is only a function of the bare gauge
coupling ¢g2. We can write m = C,, A, with Ay, the lambda scale intro-
duced in (5.45) and C,, a numerical constant characterizing the glueball.
The correlation length is then related to the gauge coupling by

& = a’m® = O, A} = O, (Big?) /e P L4 (o)),
(5.114)
for sufficiently small 2. Neglecting the O(g?), this behavior as a function
of g2 is called asymptotic scaling.

It turns out that asymptotic scaling is a much stronger property than
scaling, in the sense that scaling may set in when the correlation length
is only a few lattice spacings, whereas asymptotic scaling is not very
well satisfied yet. In the usual range of couplings, which are of order
B =2n/g? =6 for SU(3) gauge theory with the plaquette action in the
fundamental representation, once 8 > 5.7 or so, the correlation length
appears to be sufficiently large and the O(a*) corrections small enough
for scaling corrections to be under control. However, asymptotic scaling
does not hold very well yet in this region. Apparently the O(g?) correc-
tions in (5.114) cannot be neglected. This has led to a search for ‘better’
expansion parameters, i.e. ‘improved’ definitions of a bare coupling that
may give better convergence, see e.g. [60]. Note that exp(—1/31¢%) is a
rapidly varying function of g? because 3; = 11n/487% ~ 0.070 (n = 3)
is so small. Typically AB = 0.48 corresponds to a reduction of a® by a
factor of four near 5 = 6.

The potential V(r) is a good quantity to test for scaling because it
is relatively easy to compute and there are many values V(r). As a
measure of the correlation length we may take

& (B) = 1/av/o, (5.115)

where a0 is the string tension in lattice units, which goes to zero as 3
approaches infinity. Assuming /o = 400 MeV, for example (cf. section
1.1), the value of a\/o give us the lattice distance a in units (MeV)™!.
This can be used to express the potential in physical units as follows.
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Fig. 5.21. Scaling of the SU(3) force and the continuum limit at £ = r/ro =
0.4, 0.5, and 0.9 (left), and z = r/r. = 0.5, 0.6, and 1.5 (right) from top to
bottom. The stronger/weaker dependence on a corresponds to r1 defined in
(5.119)/(5.120). From [62]

The potential in lattice units can be written as
aV:u(f,B). (5.116)
a

where v is a function of the dimensionless variables r/a and 3. Recall
that V' contains the unphysical self-energy of the sources, which is dis-
tance independent. Expressing the potential in physical units, as set by
the string tension, gives

v

L v
vz me

These relations ‘scale’ when V becomes independent of 3. Here vg(f3)
is the self-energy, which can be fixed by a suitable choice of the zero
point of energy, e.g. V(1) = 0. In practice, after computing o from the
long-distance behavior V' a or + constant + O(r~!), the data points at
various 3 > 6 can be made to form a single scaling curve by plotting
V/\/o versus ry/o with a suitable vertical shift corresponding to vo(83).
However, the accuracy of such scaling tests is limited by the fact that

ﬁ)EWW@@+%W) (5.117)
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Fig. 5.22. The running coupling agq(n) = g&(p)/4m, p = 1/r plotted ver-
sus r/ro and compared with the dependence on r as predicted by the weak-
coupling expansion for the renormalization-group beta function (the curves
labeled RGE; dotted lines correspond to 1 o uncertainties of Agrg(ro). From
[64].

o is an asymptotic quantity defined in terms of the behavior of the po-
tential at infinity. This problem may be circumvented by concentrating
on the force F = 0V/0r, in terms of which we can define a reference
distance rqg by

raF(ry) = 1.65. (5.118)
The choice 1.65 turns out to give ry & 1/+/7, which is in the intermediate-

distance regime within which the potential and force can be computed
accurately [61]. The force may be computed as

F(r)=[V(r+a)-V(r)]/a, m=r-a/2, (5.119)

and scaling tests can then be performed as above with /o — 1/ry. There
is another choice for r; that gives an improved definition of the force,
leading to much smaller scaling violations in the small- and intermediate-
distance region [61], namely

(4771) 72 = [v(r1,0,0) — v(r1 — a,0,0)]/a, (5.120)
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Fig. 5.23. The potential from two values of 3. The curve labeled ‘Cornell’ is
a fit of the form —a/r + constant + or with constant o. From [65].

where v(z,y, z) is the lattice Coulomb potential (5.11). The scaling test
for the force avoids ambiguities from the Coulomb self-energy in the
potential. Writing r = zrg, or r = zr., where r. is defined as in (5.118)
with 1.65 — 0.65, a scaling analysis is carried out in [62] in the form
r2F(zro) = fo(z) + fi(a/ro)* + O(a), or with g — 7., as shown in
figure 5.21. The values of (a/rg.)? correspond to 3 in the interval [5.7,
6.92).

In the small-distance regime the running of the coupling (5.23), i.e.
g&(p) = 4nr?F(r)/Cs, p = 1/r, can be compared with the prediction of
the perturbative beta function, which is known to three-loop order. One
could use the perturbative expansion (5.41) in which Ay, or equivalently
Asis, appears as an integration constant. This scale in units of ro,
i.e. roAyg, has been determined independently in an elaborate non-
perturbative renormalization-group computation [63]. Instead of using
the perturbative expansion it is more accurate to integrate the two-
or three-loop renormalization group equation numerically. The result
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Fig. 5.24. Ratios of glueball masses with /o, extrapolated to a — 0 and
infinite volume, as a function of 1/n?, for n = 2, 3,4, 5. From [69].

is shown in figure 5.22, where we see that perturbation theory works
surprisingly well, when it is implemented in this way, up to quite large
a’s. In physical units 7o ~ 1/1/o ~ 0.5 fm.

Note that knowledge of a non-perturbative A scale allows the predic-
tion of ag. Such a program has been pursued in full QCD in various ways
[66] and the resulting «; agrees well with the experimentally measured
values, see also the review in [2].

An overview of numerically computed potential is given in figure 5.23.

Glueball masses have by now also been computed with good accuracy
in the SU(n) models, using variational methods for determining the
eigenvalues of the transfer matrix. It is particularly interesting to do
this for varying n, since the theory simplifies in the large-n limit in the
sense that only planar diagrams contribute [67]. The same is true in
the strong-coupling expansion [68]. Figure 5.24 shows recent results for
various n. We see that ratios with /o do indeed behave smoothly as a
function of 1/n? all the way down to n = 2.

Last, but not least, analytic computations in finite volume are theo-
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retically very interesting and a comparison with numerical data is very
rewarding. For a review, see [18].

5.10 Problems

(i) Gauge fizing and the weak-coupling expansion
Consider a partition function for a U(1) or SU(n) lattice gauge
field theory with gauge invariant action S(U),

= /DUeXp[S(U)]. (5.121)
The action may be the standard plaquette action

v 5.122

:tul/

it may also contain the effect of dynamical fermions in the form
IndetA(U), with A the ‘fermion matrix’, cf. section 7.1. Let O(U)
be a gauge invariant observable, O(U) = O(U%),

U = Q.U Q! (5.123)

r+p0
and
J DU exp[SU)] OU)

(0) = .

(5.124)

be the average of O.

We want to evaluate the path integrals in the weak-coupling
expansion and expect to have to use gauge fixing, as in the contin-
uum. We can try to restrict the implicit integration over all gauge
transformations in (O), loosely called gauge fixing, by adding an
action Sg(U) to S(U) that is not invariant under gauge transfor-
mations. For example,

24
(5.125)
with 9), = —8:5 the backward derivative, 0, fo = fo — feta- Let
A(U) be defined by

U-Ut
§ : ; —
gf - f 2g 6 ImU,m) N ImU = s

_ / DQexp[Sgr (U)]. (5.126)

where [ D) is the integration over all gauge transformations. It
is assumed that A(U)~! # 0.
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(a) Show that the Faddeev—Popov measure factor A(U) is gauge
invariant.

We insert 1 = A(U) [ DQexp[Sg (U] into the integrands in
the above path-integral expression for (O) and make a transfor-
mation of variables U — U<'. Using the gauge invariance of
S(U), O(U), and A(U) we get

(0) = J DQ [ DUA(U)exp[S(U) + Sge(U)] O(U)
[ DQ [ DU A(U) exp[S(U) + Sge(U)]
_ | DUA(U) exp[S(U) + Sge(U)] O(U)
= T DUAQD) exp[S() + S (0)]
In the weak-coupling expansion we expand about the saddle

points with maximum action. We assume this maximum to be
given by Uy, = 1. There will in general be more maxima. For

(5.127)

example, without dynamical fermions, U,, = U (i.e. independent
of x and p) and Uy, = Z,, with Z, an element of the center
of the gauge group, give the same value of the plaquette action
as does U,, = 1. Intuitively we expect constant modes to be
important for finite-size effects, but not important in the limit
that the space-time volume goes to infinity. Restricting ourselves
here to the latter case, we shall not integrate over constant modes
and expand about U, = 1, writing

Uye = exp(—igAj ,tx). (5.128)

The evaluation of the integral (5.126) defining A(U) is also
done perturbatively. Because of the factor 1/¢? in the gauge-
fixing action, we only need to know A(U) for small 9;, Im Tr U, .
The integral (5.126) has a saddle point at 2, = 1, but there are in
general many more saddle points €,, called Gribov copies, with
See(UY) = Sge(U). The study of Gribov copies is complicated.
One can give arguments that the correct weak-coupling expansion
is obtained by restriction to the standard choice 2, = 1, and this
is what we shall do in the following. This means that, for the
perturbative evaluation of A(U), we can write

Q. = exp(igwkty) (5.129)

and expand in gw,. In perturbation theory we may just as well
simplify the gauge-fixing action and use

1 . .
St = e > 0, AL, 0, AL, (5.130)
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(In the neighborhood of the identity, A . and w* are well defined
in terms of U, and Q,.)

We extend the initially compact integration region over Aﬁx
and w” to the entire real line (—o00, 00). The error made in doing
so is expected to be of order exp(—constant/g?), and therefore
negligible compared with powers of g, as g — 0. A typical exam-
ple is given by

dweizz/g _/ dpe ™ /9 +0(e™ ™ e )- (5.131)

—T

(b) For a U(1) gauge theory show that (5.130) leads to a Faddeev—
Popov factor that is independent of U,

A(U) = const x det(0d), O,y = a’;aﬂgw, (5.132)

with the constant independent of 4,,.

Weak-coupling expansion in compact QED
We consider first the bosonic theory given by the action

e Z Usv) (5.133)

Ty

and use (5.130) for gauge fixing. The bare vertex functions —V
are given by

Sa+ Sgt = Zn, S VI A Ay, (5.134)

1 Tn

(a) Show that, in momentum space, for even n > 2 (by convention
the momentum-conserving periodic delta function is omitted in

the definition of the Fourier transform of V717" ),

Vul"'un (kl T kn) = _%(92)n/2—1 Z Tgf(kl) T T:‘f(kn)
ap

~bua K ()Kpuk), (5139)

where

Ku(k) = 3(e™ 1), K(k) = ~K,(~F),  (5.136)

TP (k) = K (k)Sau — K5(k)Sap- (5.137)
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(b) Show that the photon propagator D, (k) is given by
K (k)K*(k:)) 1 K, (k)K:(k)
D y =1[¢ v — K v _+_£ M v
o) = (80~ SH5 ) T+ il

The Feynman gauge corresponds to £ = 1.
(c) Derive (5.19), for arbitrary &.

38)
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Fermions on the lattice

In this chapter we introduce the path integral for Fermi fields. We
shall discuss the species-doubling phenomenon—the fact that a naively
discretized Dirac fermion field leads to more particle excitations than
expected and desired, two remedies for this, which go under the names
‘Wilson fermions’ and ‘staggered fermions’, the interpretation of the path
integral in Hilbert space, and the construction of the transfer operator.
Integration over ‘anticommuting numbers’, the ‘Grassmann variables’
and the relation with creation and annihilation operators in fermionic
Hilbert space is reviewed in appendix C.

6.1 Naive discretization of the Dirac action

In continuous Minkowski space-time the action for a free fermion field
can be written as (see appendix D for an introduction)

§=- /d%[%(ﬂ_}(ﬂf)v“aﬂw(ﬂf) — 0 (@)y" (@) + mi ()Y ()], (6.1)

or, exhibiting the Dirac indices «, 3, ... (but suppressing the label x for
brevity),

S=— / 047 [(1)as s (PaButbs — Bubatos) + mbatia] . (6.2)

The 1 and 1) are anticommuting objects, so-called Grassmann variables,
e.g. Vo (2)5(y) = —5(y)a(z). The integrand in (6.1) is Hermitian,
treating ¢ and T,

YT =9p, =i, (6.3)
as Hermitian conjugates, e.g. (o ()95 ()" = ¢ 5 (y)¢a(x). Note, how-

ever, that ¢» and ¢+ are independent ‘variables’ (which is why we use

148
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the superscript + instead of ). The Dirac matrices have the following
properties:

0= - = B=-1 6.4

7 ==, %="% %=1 (6.4)

YF=w=al =1 k=123 (6.5)

implying that 3 = 8! and 3% = 1.t Replacing the derivative operators
by discrete differences,

0ub() — [ (a +au) ~ (z)), (66)

o

we obtain from (6.1) a lattice version

§ == 3 o [y Yo+ ai) — Bt au iy o)) -m 3 e )

w,u 2a,,
(6.7)
Recall that a, is the lattice spacing in the p direction. We shall occa-
sionally only need the spacing in the time direction, ag, to be different
from the spatial lattice spacing ay = a, k = 1,2, 3.
The path integral for free fermions with anticommuting external sources
n and 7 is now tentatively defined by

Z(p,7) = / D Dip 15+ o), (6.8)
where
DY D = [[ dbaa dipoe = [ [ def,, diba- (6.9)

We assumed the action to be rewritten in terms of dimensionless ¢, and

I/}.T)

Ve = a*Y(2), o =d’ (), (6.10)
and similarly the symbols dy} and di,, are dimensionless. The last
equality in (6.9) follows from the rule d(T%) = (detT) ! dy (cf. ap-
pendix C) and det B = 1. The ,, and ¢, are independent generators

of a Grassmann algebra. We recall also the definition of fermionic inte-
gration (cf. appendix C),

/db: 0, /dbb: 1, (6.11)

where b is any of the ., or ¢} . Before making the transition to

t We usually write just 1 for the unit matrix 1.
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imaginary time we need to make the dependence on ag explicit. So let
n, be the integers specifying the lattice site z, 2° = noa;, x = na,
and let ¢, = v, and 1, = 1),. Recalling that Y. = apa’ Y., in our

notational convention, the lattice action reads more explicitly

1 - _
§=- Z |:§(w”’yown+() - ¢n+670¢n) (612)

3
Y sk~ By 1) + (@0m) it
k=1
Furthermore
Z(ﬁ¢ + 1/;77) = @ Z(ﬁan'ﬁban + 'Jjannan), (613)
a

T n

with dimensionless 74, and fu,.

It follows from the rules of fermionic integration that the path integral
for a finite space-time volume is a polynomial in agm and ag/a. Hence,
an analytic continuation to ‘imaginary time’ poses no problem:

ap = |aglexp(—ip), ©:0—>7/2, ay — —iag, (6.14)

with as = |ag|. This transforms the path integral into its Euclidean
version (1S — Sg, dropping the ),

7= / Dy Dyp 5+ En (M4 (6.15)

o]

n

Z %(%%%w - 1/_}n+ﬂ7lﬂ/)n) +asm 1ZJTL1/}TL )
"

o

where p now runs from 1 to 4 (with n4 = ng, 4 = 0), and

vy =1iy° = B. (6.16)

6.2 Species doubling

It turns out that the model described by the action in (6.15) yields
2% = 16 Dirac particles (fermions with two charge and two spin states)
instead of one. This is the species-doubling phenomenon. We shall infer
it in this section from inspection of the fermion propagator and the
excitation energy spectrum.

Using a matrix notation, writing

Z(n,n) = / DipDyp e~ VAU, (6.17)
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where (in lattice units, a = a4 = 1)
1 . _ _ o
Azy = ; 7#5(6x726y,z+ﬂ - 6ac,z+ﬁ6y7z) +m ZZ: 530725?/72’ (6'18)

the path integral is easily integrated (appendix C) to give

Z(n,7) = detA e ', (6.19)
Here A;yl = Spy is the fermion propagator. It can be evaluated in
momentum space, assuming infinite space-time,
Ak, —=1) =Y e tilv g, = S(k) ok —1), (6.20)
Ty
Sk)™ = iy sink, +m, (6.21)
w
m — iy,S .
S(k) = Wy, Sy = s kﬂ' (622)

Reverting to non-lattice units the propagator becomes

m =i, yusin(aky)/a

S(k) = , 6.23
() m>+3, sin®(ak,,)/a> (6.23)
for which the limit ¢ — 0 gives the continuum result
_ m—ivk 9

The propagator has a pole at ks = iw = ivk? + m?2 corresponding to
a Dirac particle. The pole is near the zeros of the sine functions at
the origin ak, = 0. However, there are 15 more regions in the four
dimensional torus —m < ak, <7 where the sine functions vanish, 16 in
total:

- (A)
_m =iy Py B
S(k)—W—FO(a), k=ka+p (6.25)
where the k4 is one of the 16 four-vectors
ky = %A mod 2 (6.26)
with
T = (0)070>0)7 1234 = (7T;7777T)7T)7
m = (7,0,0,0), m= =(0,7,0,0),..., w4 =(0,0,0,7),
712 = (m,7,0,0),..., w34 = (0,0,m,7),
mT123 = (7T,7T,7T,0), ceey T234 = (077777[-777)7 (627)
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and
YA =5, co8ma, = £, (6.28)

Since the yf differ only by a sign from the original v,,, they are equivalent
to these by a unitary transformation. This transformation is easy to
build up out of products of v,vs, where 75 = i7°v!9%y® = —y1797374

is the Hermitian and unitary matrix which anticommutes with the v,:
YuYs = —V5Vu- S0 let

{Sa}y={1,5,,5,5+,5,5:5-,51525354}, S, =175, (6.29)
where p Ao #717 #pand A <> wa &> Sa, €.g. Moz <> Se3 = S253. Then
A = 8% y,84, (6.30)

and we have

S(ka +p) = SL%SA +0(a?). (6.31)
The transformations S, are useful for the detailed interpretation of
the zeros of the sine functions near k4 # 0 in terms of genuine par-
ticles [70]. Here we shall support the interpretation of the 15 additional
particles—the species doublers—by deriving the spectrum of excitation
energies above the energy of the ground state.

The excitation-energy spectrum is conveniently obtained from the
time dependence of the propagator, analogously to the boson case:

™ 3 ™ s o .
Sext) = [ (d—’“eikx / D ine 1~ 175 — SR 6 )

- (2m)3 27 m? +s2 +sin” ky

where we reverted to lattice units and used the notation s, = sink,.
The k4 integral can be performed by changing variables to

z = etks, (6.33)
in terms of which s7 =1 — (22 + 272 + 2)/4, and

ek, dz , z(m —ivys) — (2> —1)/2
= 4 ikx et
S, 4) / 2n) © omi © A_2f2 41 ’

f=1+2(m*+s%. (6.34)

The integral over z is over the unit circle in the complex plane, as shown
in fig. 6.1. The denominator of the integrand has four zeros, at +z
and +z_, where z4 are given by

=fx/f?- zp =e* (6.35)
cosh(2w) = f, sinhw = vm? +s2. (6.36)
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Fig. 6.1. Contour integration in the complex-z plane.

For t > 0 (¢ = integer) the two poles at z = +z_ contribute, giving

Bk eikxfwt )
S(X, t) = / W m (m —1YS + V4 sinh (/J) (637)

; d3 k eikxfwt
+ (=1 ——— ————— (m — iys — Y4 sinh w).
(=1) / (2m)3 sinh(2w) ( s )
Before interpreting this result we want to summarize it in terms of the
variable k4, for later use. In terms of k4 the zeros of the denominator
m? +s? +sin*ky at z = 2, are at ks = Fiw, and for z = —z4 at
ks = Fiw + © (mod 27). The ky = —iw, —iw + 7 poles are relevant for
t < 0. The residues of the other poles are given by

et (m — iys — iyysg) (6.38)

—wt (

—e m — iys + 4 sinh w), ks = tw,

= (=1te " (m —iys — yysinhw), ky =iw+ 7,
= e“ (m — iys — y4 sinhw), ks = —iw,

= (=1)te“" (m —iys + yysinhw), kg = —iw + .

We see that we cannot blindly perform the inverse Wick rotation on the
lattice k4 — k% and look for particle poles at k° = +w. We have to
let ks — ik® + ¢, p € [0,27): then k® = +w corresponds to T ei?t,
¢ 2 0. In this case we have have poles at ¢ = 0 and ¢ = 7. Recall that
the Bose-field denominator m? + 2 >, (1 —cosky,) gives only a pole for
¢ =0.

We now interpret the result (6.37). From the time dependence of the
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2 —

-pi -pi 2 pi 2 pi

Fig. 6.2. Excitation-energy spectra for bosons (upper curve) and fermions
(lower curve) on the lattice, in lattice units (m = 0.2).

propagator we identify the energy spectrum w(k). Since there are two
poles contributing for ¢ > 0, there must be two fermion particles for every
k. One of them (the pole at z = z_) has the usual e ! factor. The other
(at —z_) has in addition the rapidly ocillating factor (—1)t. Apparently,
to obtain smooth behavior at large times (in lattice units) we have to
take two lattice units as our basic time step. This is in accordance with
the transfer operator interpretation of the path integral, in which in
general two adjacent time slices are identified with the fermion Hilbert
space [78, 79, 89], in which two independent operator Dirac fields 1/3172
act, corresponding to the two particle poles. An exception is Wilson’s
fermion method [86, 87], which has no fermion doubling (for r = 1, see
below).

So there is a doubling of fermion species due to the discretization of
time. There is a further proliferation of particles due to the discretization
of space. In figure 6.2 we compare the boson and fermion excitation-
energy spectra

3
coshw =1+ 1 |m*+2 Z(l —cosk;)|, boson; (6.39)

Jj=1

3
sinhw = ,|m? + Z sin” k;, fermion. (6.40)

=1

We define a particle state to correspond to a local minimum of the energy
surface w(k). The minima are at k = k4, ka4 =0, 7y, wa, w3, W12, Wa3,
31, Ti23, With rest energy given by wa = w(ka), sinhwy = m. For
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m — 0 (in lattice units) the spectrum is relativistic near k = k 4,

w—=>yvm2+p?, m—0, p=k—ks—0, (6.41)

and p can be interpreted as the momentum of the particle. From the
time and space ‘doubling’ we count 2% = 16 particles. Note that the
wave vector Kk is just a label to identify the states and that the physical
momentum interpretation has to be supplied separately.

One may wish to ignore the k4 # 0 particles. However, in an inter-
acting theory this is not possible, because £, is conserved only modulo
2w. For example, two k4 = 0 particles may collide and produce two
ka =m = (7,0,0,0) particles: p1 + p2 = p3 + 71 +ps + 7 = p3 + s
(mod 27).

The phenomena related to fermions on a lattice touch on deep issues
involving anomalies and topology. This is a vast and technically difficult
subject and we shall give only a brief review in sections 8.4 and 8.6. In a
first exploration we shall describe two important methods used for ame-
liorating the effects of species doubling in QCD-like theories: Wilson’s
method [71] and the method of Kogut—Susskind [72, 40] (in the Hamil-
tonian formulation). The latter is also known as the staggered-fermion
method, in its generalization to Euclidean space-time (see for example
[79, 74, 80]). For the hypercubic lattice the staggered fermion method
is equivalent to the ‘geometrical’ or Dirac—Kéahler fermion method of
Becher and Joos [81], provided that an appropriate choice is made of
the couplings to the gauge fields.

We shall first decribe Wilson’s method and then briefly introduce the
staggered fermion method.

6.3 Wilson’s fermion method

Wilson’s method can be viewed as adding a momentum-dependent ‘mass
term’ to the fermion action, which raises the masses of the unwanted
doublers to values of the order of the cutoff, thereby decoupling them
from continuum physics. For free fermions we replace the mass term in
the action as follows,

m Z@Eaﬂbx —m Zzﬁzz/}z + 0_27' Z 8#&968111/}90 (6-42)
T T T

= mzz/;zz/}z + 0_27' Z %(I/;m-l-aﬂ - @Ex)(z/}m-l-aﬂ - T/Jz)

e
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4r - T - -
= <m + ;) Z¢x¢x ~ % Z(¢z+aﬂ¢x + ¢z¢z+aﬂ)-
T T

The has the effect of replacing the mass m in the inverse propagator in
momentum space by

m+rZ(1 —cosk,) = M(k), (6.43)

in lattice units. The propagator is then given by

M(k) — iy, sink,

)= e 1y, by (6.44)
For k = k4 + p and small p in lattice units this takes the form
S(p) = ma i (6.45)
m? +p>
my =m+2nur, ny=0,1,...,4, (6.46)

where n4 is the number of 7’s in k4.

Hence, the mass parameters of the doubler (n4 > 0) fermions are of
order one in lattice units as long as r # 0. These mass parameters m 4
may be identified with the fermion masses if they are small in lattice
units, i.e. for small m and r. For general r and momenta p the fermion
energies differ from \/m? + p? and it is interesting to see what they
actually are. We therefore look for the poles of the propagator as a
function of k4 and identify the energy w from ky = iw or ky = iw + T,
as explained below (6.37). For simplicity we shall use the notation

s, =sink,, c, =cosk,, §°=s5.5,. (6.47)

Separating the k4 dependence, the denominator of the propagator can
be written as

M2+ 82 =1+8>+3%2 —2r%ey — (1 —1r?)ci, (6.48)
3

S=m+r+ry (1-c), (6.49)
j=1

which denominator vanishes for

L V221 -r) (1482 kY
B 1—1r2 ’

coshw (6.50)

Here the plus sign corresponds to k4 = iw + 7 and the minus sign to
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k4 = iw. The rest energies of the particles at k = k4 follow from s = 0
and

Y=m+r+2nr, n=0,1,2,3for ks =0, 7j, 7ji, T123. (6.51)

For m = 0 the particles have rest energy w,, given by

+ \/r2(1+2n)2+1—r2ir2(1+2n)
n 1—1r2

coshw . (6.52)

Hence, only the wanted (n = 0, - sign) fermion has rest energy zero
and the doubler fermions have rest energies of order 1 in lattice units
(energies of order of the cutoff). For r — 1 the rest energies of the
time-doublers (for which the + sign applies) become infinite, wt — oo.
The non-time-doubler rest energies become w, = In(l 4+ 2n) at r =
1. Actually, as r increases from 0 to 1 the doublers disappear before
reaching r = 1 in the sense that the local minima of the energy surface
at k4 # 0 disappear.

Wilson’s choice is r = 1. It can be seen directly from (6.48) that in
this case there is no species doubling because the inverse propagator is
linear in cos k4. Re-installing the lattice spacing a the particle energy
can be found to contain errors of order a, to be compared with O(a?)
for naive/staggered fermions or bosons,

w=wy =+vm?+p2+0(a). (6.53)

The special significance of » = 1 can be seen in another way from the
complete action, which has the form

S = Z(/‘Z}zr ;7u¢z+ﬂ + IZJerﬂH_T%sz) - MZ'J&"/JM
T x

M =m +4r. (6.54)
The combinations
rty
Pf = T“ (6.55)
become orthogonal projectors for r =1,
+\2 _ p=*t + p— _ + - _
(P =P, P/P =0, P/+P =1 (6.56)

Replacing derivatives by covariant derivatives we obtain the expression
for the fermion action coupled to a lattice gauge field Uy,

Sk = Z(I/;xP;Uumz/}m-i-ﬂ + 1/;%+ﬂPJUZzI/}m) - Zz/;mM'ébx: (6.57)

T
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or, temporarily reintroducing the lattice spacing a,

Sp=-) B(T/)%DMZJ = Dytpyh) + pma) + agDme , (6.58)

T

where D, (z) = [{(x + ia)US, —(z)]/a, etc., we rearranged the sum-
mation over z, and m = M — 4r/a is sometimes called the bare fermion
mass.

In the QCD case M is a diagonal matrix in flavor space and r is usually
chosen flavor-independent, mostly » = 1. A parametrization introduced
by Wilson follows from rescaling ¢ — M ~'/24¢), ) — )M~/ For one
flavor this gives the form

S=- Z &zi/’z + K ijz (r— 7#)Uuz1/1z+ﬂ + J’ﬂcﬂl(r + 7#)U:Lz1/’z],
T TH
(6.59)

where
= — 6.60

o (6.60)
is Wilson’s hopping parameter (it is flavor dependent). This & is anal-
ogous to the hopping parameter in the scalar field models. We may in-
terpret — ), V.1, as belonging to the integration measure in the path
integral.

For free fermions the continuum limit means m — 0 in lattice units,
which implies a critical value for the hopping parameter

k—ke=1/8r, M — M.=4r. (6.61)

At this critical value there is somehow a cancellation of the tn)-like
terms, such that the fermions acquire zero mass. With the gauge field
present the effective strength of the hopping term is reduced by the
‘fluctuating’ unitary U,,. We then expect M, < 4 and k. > 1/8r, for
given gauge coupling g. However, in the QCD case we know already that
g itself should go to zero in the continuum limit, because of asymptotic
freedom, implying U, — 1 in a suitable gauge and (6.61) should still be
valid (k. is of course gauge independent). However, at gauge coupling
of order one we can be deep in the scaling region of QCD and we may
expect an effective k. substantially larger than 1/8r. Since there are
no free quarks in QCD we cannnot define k. as the value at which the
quark mass vanishes. We shall see later that it may be defined as the
value at which the pion mass vanishes.
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6.4 Staggered fermions

Starting with the naive fermion action we make the unitary transforma-
tion of variables (in lattice units)

Vo =Y Xa, '%Z_Jac = Xz (790)’[, (6'62)
Y= ()™ (12)" (93)™ (a)™. (6.63)
Because
() 9™ ] s = ()] s = e bas,  (6.64)
where
Mme =1, N2, = (_1)901’ N3ae = (_1)I1+I2: Nz = (_1)z1+z2+z3’
(6.65)

this transformation has the effect of removing the gamma matrices from
the naive fermion action, which acquires the form

4

== 3 | S ey (KX — W) +m XS] (666)

a=1L zp T

In this representation the Dirac spinor labels @ on x and x are like
internal symmetry labels and the action is just a sum of four identical
terms, one for each value of the Dirac index. Hence, one of these should
suffice in describing fermion particles. It can indeed be shown that taking
X and Y as one-component fields leads to 16/4 = 4 Dirac particles in the
continuum limit. In QCD all these fermions are interpreted as quark
flavors. Inserting the ‘parallel transporters’ U,, then leads to a gauge-
invariant staggered fermion action

S Znuz L Xaz(Uuz)abXb:t+u Xaeru( nx abXb:t ZmXazXaz)
ep

(6.67)
where we have made all indices on x and Y explicit (a and b are color
indices) - there are e.g. no spin or flavor indices for Y and y. Analysis in
weak-coupling perturbation theory leads to the conclusion that this ac-
tion describes QCD with four mass-degenerate flavors in the continuum
limit [73, 74] (the mass degeneracy of the quarks can be lifted by adding
other terms to the action). The action has an interesting symmetry
group [76], which is important for the construction of composite fields
with the quantum numbers of hadrons [75, 77]. In the scaling region
this symmetry group enlarges to the group in the continuum (including
‘anomalies’).
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A further reduction by a factor of two is possible by assigning ¥, only
to the even sites and x, only to the odd sites [78, 79, 80]. Even and odd
sites are defined by €, = 1 and — 1, respectively, with

€p = (—1)71Hoateatas, (6.68)

In this formulation we may as well omit the bar on ¥, since no confusion
between even and odd sites is possible. Then a minimal action with only
one Grassmann variable per site is given by

S==> NuesXaXeti (6.69)

Tp

in case of zero fermion mass. This method leads essentially to four
Majorana fermions, which are equivalent to two Dirac fermions or eight
Weyl fermions. Non-zero mass requires one-link or multilink couplings,
since x2 = 0.

Staggered fermions are technically rather specialized and we shall not
emphasize them in this book. For an application of the method (6.69)
to numerical simulations of the Higgs—Yukawa sector of the Standard
Model see [36].

6.5 Transfer operator for Wilson fermions

It will now be shown that the fermion partition function with Wilson
fermions can for r = 1 be written in the form

Z=TeTV, (6.70)

where T is a positive transfer operator in Hilbert space and N is the
number of time slices. A transfer operator was first given by Wilson [86]
and a study of its properties was presented in [87]. The construction
below is slightly different. (A general construction for r # 1 is sketched
in [89], which is easily adapted to naive or staggered fermions. See
also [79, 88, 90] and references therein.) To identify 7' we first assume
that the gauge field is external and and write Tr T in the Grassmann
representation,

. ¥ _ 4
TN = /dafdal...daxdajve aNaN T(a},aN_l)e ON-10N-1

_,t
x T(ak_;,an—s) - -T(a;:ﬂ, ar) e” % T(a) ap_1) -

X =03 02 T(af,a1) e=aim T(a}, —an). (6.71)
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The minus sign in the last factor corresponds to the same sign in (C.68)
in appendix C. It implies that there are antiperiodic boundary condi-
tions in the path integral, i.e. there is a change of sign in the couplings
in the action between time slices 0 and N — 1. The expression above is
to be compared with

Zp = / DJDy exp S, (6.72)

where S is the fermion part of the action. We have seen in the pure-
gauge case that the integration over the timelike links Usx leads to the
projector on the gauge invariant subspace of Hilbert space, together with
a transfer operator in the temporal ‘gauge’ Uy, = 1. We therefore set
Ui = 1 and write the fermion action in the form (using lattice units,
t = x4 and x are integers)

1-— 1+
Sp = Z (—L/JZF —5 B Y1 + U — B 1/1t>
t
— > G BAp — €Y W Dity. (6.73)
t t
Here a matrix notation is used with
3
1
Ayt =Moxy —€> 5 Uy 0y y X 0 Y), (6.74)
j=1
L1
ny,t = Z Q; 2—7/ (ny,t 6x+§',y — X y), (675)
j=1

and a; = i747y; and B = 74 are Dirac’s matrices, and furthermore
€ = ay/a. (6.76)
We recognize the projectors
PE=PF=(1+p)/2 (6.77)

for Wilson parameter r = 1. They reduce the number of wj'ﬂwt cou-
plings by a factor of two compared with the naive fermion action.
The association of time slices ¢t with Hilbert space slices k is as follows
(for each x, T denotes transposition):
Py = (af PHT, o P =af P~ (6.78)
P 1 =P ag, ¢} PT=(PTay)", (6.79)
At - Ak, Dt = Dk (680)
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Fig. 6.3. The association of time slices with Hilbert space for Wilson fermions
(r=1).

as illustrated in figure 6.3. With this notation the action can be written
as

Sp = — Zazak + Za;rAkak_l
k k

— €Y (ar1PTDyP~ar_y + af P"DyPTaf).  (6.81)
k

Here we have used D = — D/, such that

D=(Pt+P)D(Pt+P")=P'DP™ + P DP™, (6.82)
and abused the notation by leaving out the transposition symbol T'.
Comparison with Tr7V in the form (6.71) gives the (Grassmannian)
transfer matrix elements

Tv(af ,ak—1) = exp(—ea P~ Dy PTa}) exp(a) Arar—1)
x exp(—eax 1 PTDP ap_1). (6.83)

Using the rules listed above (C.68) in appendix C this translates into
operator form as

- —eatP-DPtal a4t 4 —ecaPTDP- 4
TF — €l P DPTa el ln(A)ae eaPTDP a (684)

Here D and A depend in general on the gauge field configuration in a
time slice.

Consider now first the case of free fermions, Uy, = 1. Then T is
clearly a positive operator provided that A is positive, i.e. a Hermitian
matrix with only positive eigenvalues. In momentum space we get the
eigenvalues

3
A(p) =M — € _cospj, (6.85)
j=1

which shows that A > 0 for
M > 3e. (6.86)

With dynamical gauge fields we have to take into account in (6.84) the
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transfer operator for the gauge field Ty. The complete transfer operator
can be taken as

T =TTy 1) By, (6.87)
Te = e~ PTDP*at jatinAa ,—caP*DP"a (6.88)

where we have also put in the projector Py on the gauge invariant sub-
space. Since A has lowest eigenvalues when the link variables are unity,
the condition (6.86) remains sufficient in general for positivity of TF.

We can now use (6.80) in reverse and define operator fields ¢ and )1,
for each spatial site x, by

Pt = @tpHT, JtP-=atp, (6.89)
P~ =P a, ¢ =@Pta)T. (6.90)
In terms of these fields the fermion transfer operator takes the explicitly
charge conserving form
TF _ efeaszP_f?P"'vJ; efzﬂTBlnAd:v eTrP"' lnAAefez,Z;TP"'DP_zZ;. (6.91)
Notice the Dirac-sea factor exp(Tr P In A).

The continuous time limit 7' = 1 — eH + O(e2) can be taken if we let
M depend on € — 0 according to

M =1+ eMs, (6.92)
such that A takes the form
A(U) =1+ eM;5(U) (6.93)
3
Ms =Mz =Y 2(Usy0, s, +X &), (6.94)
j=1

and we get the fermion Hamiltonian
Hp = §1[M5(0)8 + DO (6.95)

This may be called a Wilson-Dirac Hamiltonian on a spatial lattice.

In summary, we conclude that the Euclidean-lattice formulation of
QCD using Wilson’s fermion method has a good Hilbert-space interpre-
tation, with a positive transfer operator.
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k2 P

Fig. 6.4. Fermion vertex function —Vj,,...... (0, ¢; k1, .. ., kn).

6.6 Problems

The following exercises serve to clarify the continuum limit in QED and
the phenomenon of species doubling by calculation of the photon self-
energy at one loop in the weak-coupling expansion.

(i) Vertex functions
Consider the naive fermion action in QED

SF = — Z %(djz,yue*igA/Mc ¢z+ﬂ _ &I#»ﬂ’)/ueigAMw wm). (6.96)
Th

The bare fermion—photon vertex functions are the derivatives of
the action with respect to the fields. Taking out a minus sign and
the momentum-conserving delta functions, let the vertex function
Vi ooun (D, @ k1 - - - kp) be defined by

1 -
SF = - Z Hl/}uviu---un (U,’U;:L’l "'xn)/‘/}vAulzl "'A;ann;

i (6.97)

—iputiqu—ikiz1--—ikn @ .
E e P Y e (U, 05T - By)
VL1 Ty

= Viroopn 0y G5 1 -+ k) 30 — g + k1 + -+ k). (6.98)
Show that (p —q + ki + -k, = 0)
Viroon (0, @ K1 kn) = Dy 51(—ig) e — (ig)"e™ ]
: Spn * Opupen (6.99)

as illustrated in figure 6.4. The fermion propagator is given by

- m — iy, sin
S@) =Vp), Sp)=" (6.100)
p
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Fig. 6.5. Vacuum-polarization diagrams for —II,,(p).

Ward-Takahashi identities

The gauge invariance of Sg implies certain properties of the vertex
functions, called Ward-Takahashi identities. Consider a small
gauge transformation ¢! = (1 + iw, + O(W?))Ye, ¥, = (1 —
iwe + O(W?))e, Al = Aye + (1/9)8w, (recall the definition of
the forward and backward lattice derivatives, Oyw, = wetp — Wy
and 9w, = wy — wy—p). Collect the linear terms in w, in the
invariance relation 0 = Sy (¢',4¢’, A") — Sg (1,1, A) and derive the
Ward identies

1.
0= ; 10, Vi ooopin (Us V32,1, -, Ty
+ Oz Vi ooy (W, 0521, .., T)
— 0wz Vg oo (W, 03 @1, ., Tp), (6.101)

and the momentum space version

1 *
0= GO Vi (0, s o)
+ Vi 0+ kg ke, k)
— Vi 0oq =k k1, oo k), (6.102)

where K, (k) = (e’*» —1)/i. In particular, for n = 0 and 1,

K (k)Vu(p,q;k) = S(p) ™ = S(9) ™+, (6.103)
K (k)Vu (p, g k1) = Vu(p,p + ;1) = Vi (g — 1, ¢;1)

p—q+k=0,p—qg+k+1=0).

Photon self-energy

We study the ‘vacuum-polarization’ diagrams in figure 6.5, which
describe the photon self-energy vertex function IT = I1(@) 4 T1(t)
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(iv)

(v)
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given by
M9 = ¢ [ L5 TVt —1 p—p)SD)] (6.104)
pv p g . (27T)4 j12%4 ’ 7p7 p ’

(b) ) T d4l
M0) =g [ Gt T+ p)S(+ DVl + DS

Use the identities (6.103) to show that the sum II,, = H,(ﬂ,) +
H,@ satisfies the Ward identity

K (p) (p) = 0. (6.105)

(Note that the loop integrals in the lattice regularization are in-
variant under translation of the integration variable.)
Continuum region and lattice-artifact region
The calculation of the continuum limit of II,, (p) can be done in
the same way as for the scalar field in section 3.4 We split the
integration region into a ball of radius ¢ around the origin [ = 0
and the rest, where § is so small that we may use the continuum
form of the propagators and vertex functions.

Going over to physical units, p = ap, m — am, II — Ia "2,
show that in the scaling region limit a — 0, § — 0, am/é — 0,
ap/é — 0 the contribution of this ball can be written as

2 1
—;?(5,“@2 — Pubv) /0 dz z(1 — ) In[a®(m? + z(1 — 2)p?)]

(6.106)
up to a second-degree polynomial in p.

Verify that the 15 fermion doublers in similar balls around non-
zero | = 74 give identical contributions, up to possible arbitrari-
ness in the polynomials.

The region outside the 16 balls can contribute only a second
degree polynomial T}, (p) in a™*
because possible infrared divergencies cannot develop in the out-
side regions.

, m and p in the continuum limit,

Note that H,(ﬁ,) contributes only to the polynomial part of II,,
in the continuum limit (it is just a constant o d,,). The reason
is that there is no logarithmic contribution from the balls around
[ = m4 because the vertex function V,,, vanishes in the classical
continuum limit.

Lattice symmetries



6.6 Problems 167

The polynomial has to comply with the symmetries of the model,
in particular cubic rotations R(*?) in a plane (p, o),

(R*)p), = R\t p,,
(R¥)p), =p,, (R*p), = —p,,

(R)p)y =pu, n#{p,0} (6.107)
and inversions I("),
IOp)y ==y (VD) =pur n#p. (6.108)
The polynomial T}, (p) is has to be a tensor under these trans-
formations,
Ty (RV7)p) = R RS Ty (), (6.109)
T (IPp) = 10, 1) Ty (p). (6.110)

Show using the lattice symmetries that the form of the polynomial
is limited to

c1a 20y + cam’® + e3P O + Capupy + C5P O (6.111)

(In the third term there is of course no summation over p.)
Contraints from the Ward identity

Use the continuum limit of the Ward identity (6.105) to show
finally that II,, (p) has the continuum covariant form,

2
g
I, (p) = _IGﬁ(‘Suvﬁ — Pubv)

X /0 dr (1 —z)In[a®(m? + z(1 — z)p?)]

+ (S — Dupv)- (6.112)

Note that the coefficient ¢; of the quadratic divergence is zero.
This can of course also be verified by an explicit calculation, e.g.
for p = 0. In non-Abelian gauge theory such quadratic diver-
gencies are also absent, provided that the contribution from the
integration (Haar) measure in the path integral is not forgotten.
Note also that the coefficient c3, of the term that is lattice covari-
ant but not covariant under continuous rotations, is zero. Such
cancellations will not happens in models in which vector fields
are not gauge fields (no Ward indentities). Then counterterms
are needed n order to ensure covariance.

The numerical constant ¢ can be obtained by a further careful
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analysis and numerical integration. It determines e.g. the ratio
of lambda scales Ay;g/AL in the theory with (naive) dynamical
fermions. On dividing by a factor of four we get the analogous
result for four-flavor staggered fermions described by the U(1)
version of the action (6.67).
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Low-mass hadrons in QCD

In this chapter we address the calculation of the properties of hadrons
composed of the the light quarks u, d and s.

7.1 Integrating over the fermion fields

The partition function for a fermion gauge theory
Z = /DU DD exp(Sy + Sk) (7.1)

can be expressed in an alternative form involving only the gauge fields
by first integrating out the fermion fields. We shall use Wilson fermions
as an example. We can write Sg in matrix notation,

1 - _
Sp = — Z §(¢x7uUum¢x+ﬁ - 1/)””4‘#17”[];9”1/)””)

T

- Z &zMi/Jz + Z g(d_}zUMzdszrﬂ + 1/_]m+uU;Iz¢$) (72)

T Th
= — Ay, (7.3)
7.4

The matrix A = A(U) is called the fermion matrix. Its inverse is the

fermion propagator S(U) in a given gauge field configuration,

1 _ 1
M-WU)+pU)],,

(7.5)

Since v and 1) occur only bilinearly in the action, we can perform the in-
tegration over these variables and evaluate fermion correlation functions

169
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explicitly:

('ﬁbu'&vd)mdjw = (Suvsmy - SuySzU>Ua
(Yuthy 0w rthyths) = (SuzSpySw: + 5 permutations)y,  (7.6)

etc. For clarity we indicated only the space-time indices z, ... and sup-
pressed the color, Dirac, and flavor indices a, «, and f of the fermion
fields 2f.

7.2 Hopping expansion for the fermion propagator
For Wilson fermions an expansion in the hopping parameter k = 1/2M
has given useful results. Here we describe it for the propagator, for
which it gives an intuitive representation in terms of a summation over
random paths. We have seen this earlier for the scalar field in section
3.7. Let us define the hopping matrix H by

Hxaa,ybﬁ = Z[(Pp,_)aﬁ (Umy)ab 5m+ﬂ,y + (P:_)ozﬁ (Uyac)ab 5y+ﬁ,m]: (7'7)
I

in terms of which

Azaafybsg = My s [1 = 26 Hraa ybs]- (7.8)
For a given flavor we have

&yzﬂfl(;%zﬁ>x:A41§:@mL@#%w (7.9)
y L=0

where we supressed again the non-space-time indices. The successive
terms in this series can be represented as a sum over paths of length L,
as illustrated in fig. 7.1. The diagrams for L + 1 are obtained from those
for L by application of H (by attaching the L = 1 diagrams). To each
path C there corresponds a color factor U,,(C) and a spin factor

re) =I[r, (7.10)

leC
P =P, l=(z,v+) (7.11)
=Pf, 1= (z+f,x). (7.12)



7.2 Hopping expansion for the fermion propagator 171
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L+1 2 " 4 o™ s by ;/<
C
Fig. 7.1. Illustration of the terms in the hopping expansion of the propagator.

Note that, for r = 1, there are no paths with back-tracking because then
PrP- =P Pf=0.
For free fermions we can perform the summation in momentum space,

(H )y =Y _ ™™ H(p)", (7.13)
P

H(p)opy =Y e Pt mH,,, (7.14)
zy

H(p) =) (¥ P, +e " Pf)

o

= Z(r cosp,, — iy, sinpy), (7.15)
"

1
S(p) = (7.16)

M =37, (rcospy —iyusinpy)”

So the summation over random paths with the particular weight fac-
tor (7.10) leads to the free Wilson fermion propagator. The maximum
eigenvalue of H(p) is 4r at p = 0, which means that the radius of conver-
gence of the hopping expansion for free fermions is given by |k| < 1/8r.
For fixed x and complex p the expansion diverges at the position of the
particle pole in the propagator. In the interacting case the unitary U,
tend to reduce the maximum eigenvalue of H and the convergence radius
is generically larger than 1/8r, depending on the configuration of U'’s.

The hopping expansion for the propagator leads to an expansion of
the fermion determinant in terms of closed paths,

det A — det(1 — 26H) = exp[Tr In(1 — 2k H)]
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(2k)" L
= — ——TrH"|. 1
exp [ XL: T (7.17)
Whith each closed path C there is associated a Wilson loop Tr U (C') and
a spin loop TrT'(C).

7.3 Meson and baryon propagators

The expressions (7.6) are well defined without gauge fixing. Since [ DU
contains an implicit integration over all gauge transformations, it projects
on the gauge-invariant content of the integrand. Under a gauge trans-
formation

Ug, = %U0! (7.18)
AUy = AU, (7.19)
AT Uy = QA (U)2y (7.20)
or
SU)ay = QS (U)2y Q- (7.21)

Since f dQ, Q, = 0, the gauge-invariant content of Q, is zero and it
follows that the expectation value of the gauge-field-dependent fermion
propagator is zero, unless z = y,

(Smaaf,yb6g>U X 5my dab 5fg- (7.22)

The fermions cannot propagate ‘on their own’ without gauge fixing. Of
course, this does not mean that fermion propagation is a non-gauge-
invariant phenomenon and it is also not an expression of confinement.
It forces us to consider carefully what the gauge-invariant description of
propagation means.

A simple gauge invariant correlation function is of the type (1,1, ’L/_Jy’l/Jy)
In QCD we call these mesonic, since ¢yt) combinations carry mesonic
quantum numbers. More explicitly we can define gauge invariant meson
and baryon fields

Mzz;g = 52 I/Jgafi}xbﬁg’ (7'23)
By ools = eayanag 31 1 Pype o, (7.24)
B$a1f1azf2a3f3 = 6a1a2a3¢$ﬂ1a1f1¢za2azf2/‘/}za3a3f3' (725)

The gauge invariance of the meson fields is obvious. For the baryon fields
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the effect of a gauge tranformation is given by (suppressing non-color
indices)
eabcwad]bdjc — €gbe Z’Qb’ g’ 1/Ja 1/}b IZJC
= (det Q) eqryrer P PP P° (7.26)
and invariance follows from det Q = 1.
By taking special linear combinations, we can construct from M, B,

and B fields with the required quantum numbers. For example, for 7+
(which has spin zero) we can use the scalar field combination

dyivstly, Jzi’)/“’)/suz, (7.27)
where we made flavor explicit according to
ug = e, = g, (7:28)

etc. For the pt particle (which has spin one) we can use the vector and
tensor fields (both containing spin 1)

Jziyuum, Jzi['yu,%,]uz. (7.29)
An example for the proton (spin %) is given by
€ae (C15) gy ug® (uid — df ug), (7.30)
and for the AT (spin 2),
€ave (CTy0) 5y utublul?. (7.31)

Here C' is the charge conjugation matrix; ¢(¢) = —(CT)T is the charge
conjugate of 1 (cf. (D.27) in appendix D). For example, for the A*+
the last two u fields combine to a give vector (containing spin 1) of
the form 15(0)7”@/), which, together with the first u field, contains spin
3. More examples are in [10]; [82] gives group-theoretical details of the
spin—flavor content of the baryon fields.

Putting these hadron fields in the form (A = {aaf})

M, (D) = 4 MB,, (7.32)
By (®) = ®apc BLP, (7.33)
8:Alc((I)) = BIABC (EABC, (734)

where ® specifies the spin—flavor structure, we can write gauge-invariant
meson correlation functions as

(M (@) My (@) = —(Tt (8S40: ' Sprz)rr) + (Tt (BSpe) Tr ('S ))ur,
(7.35)
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Fig. 7.2. Meson (a) and (b), and baryon (c) propagators.

and the baryon correlation function
(B (®)By (8")) = ®apc(S4 0 SE 0SS )y @A B (7.36)

as illustrated in figure 7.2. The contribution (b) to the meson correlation
function is non-zero only for flavor neutral fields, i.e. fields of the form
fvf, f =u,d,c,s,t,b.

These composite field correlation functions describe bound states, the
mesons and baryons; for this reason we also call them meson and baryon
propagators. Consider first the meson propagator in figure 7.2(a). It is
a sum over Wilson loops going through z and z'. This follows from the
hopping expansion of the quark propagator which expresses S, as a
sum over random paths C' weighted by the Wilson line U,,/(C) and the
spinor factor associated with the path. We can now intuitively under-
stand the implication of confinement as expressed by the area law for
Wilson loops. The exponential fall-off in the area law greatly suppresses
the contribution of widely separated paths of the two propagators in
figure 7.2(a). Contributions in which the two paths stay together dom-
inate and, when they are together, they make a random walk, which
implies the formation of a bound state. A similar story can be told for
the baryon propagator in figure 7.2(c); the combined random walk of
the three quark propagators leads to a pole in momentum space corre-
sponding to a bound baryon state.

So far we have concentrated on the fermion lines related to the hadron
fields (the ‘valence-quark’ lines) and ignored the effect of the fermion
determinant. Its hopping expansion leads to a sum of closed fermion lines
called ‘sea-quark’ loops or ‘vacuum loops’, and we have to imagine such
sea-quark loops everywhere in figure 7.2. This is particularly relevant
for the case of flavor-neutral mesons for which diagram (b) contributes.
Figure 7.3 shows diagrams (a) and (b) as the first two terms in an infinite
series with the sea-quark loops included one by one. As a reminder of the
presence of ‘glue’ implied by the average (- - -}y we have also shown some
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L+ O 0D+ OGO 4
(a) (b)

Fig. 7.3. Diagrams for flavor-neutral mesons with sea quark loops and gluon

lines also indicated.

(a)

= (b)

Fig. 7.4. Meson-loop corrections to the baryon propagator. The closeness of
lines is to suggest binding by ‘glue’.

gluon lines in this figure. Figure 7.4 illustrates a meson-loop contribution
to a baryon propagator: (a) uses a sea-quark loop but not (b), which is
already included in diagram (c) of fig. 7.2.

We were led by confinement to the intuitive picture of random walks
for the composite hadron propagators. In a theory without confinement,
such as QED, there is no area law and there will be relatively large con-
tributions in the fermion—antifermion correlation function also for widely
separated fermion paths. These will correspond to fermions propagat-
ing almost freely at large distances from each other. Of course, they will
feel the long range electromagnetic interactions, which may but need not
lead to bound states. This is the gauge invariant description of fermion
propagation in QED.

7.4 Hadron masses at strong coupling

At bare gauge coupling ¢ = oo the string tension diverges and there
are only contributions to the Wilson paths with zero area. Neglecting
vacuum fermion loops, it is an interesting approximation to take into ac-
count only simultaneous quark—antiquark hopping for mesons and three
quark hopping for baryons, as illustrated in figure 7.5. The inverse prop-
agators can be written down explicitly and solved for the position of the
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o4 — = B
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X X+u ~
X +u

B

Fig. 7.5. Hopping matrix for the mesons and baryons at strong coupling.

pole in py = im at p = 0, which determines the mass of the bound
state, m. We can even derive effective actions describing the coupling
constants [83, 84, 85, 109, 82] in terms of the meson and baryon fields
(7.23)—(7.25). For example, the meson effective action has the form

Set =ne Y Tr [=In My + MM, =Y MoPy Mayy P+ O(MY)|
z I

(7.37)
where n¢ is the number of colors and now M is an effective field. For
r = 1 it turns out that the low-lying states are the pions, rho mesons,
nucleons, and deltas (m, & 140, m, ~ 770, my = 940 and ma ~ 1232
MeV). In the flavour degenerate case M, = My = M the masses are
given by

(M2 — (M2~ 1)

coshm, =1+ 5% —3 , (7.38)
coshm, =1+ (v 2_]\3)2(]14; — 2), (7.39)
expma = (M _]\34/3)_@54/1_ 1/2), (7.40)
expmy = %35_/? (7.41)

On decreasing M from infinity toward zero or equivalently increasing
the hopping parameter x from zero upward we see that the pion mass
vanishes at M = M. = 2, whereas the other masses stay non-zero. At
strong coupling the critical hopping parameter is k. = 1/2M, = %. For
weak coupling one can calculate M.(g) = 4 + O(g?), and k. as defined
by the vanishing of m, will decrease toward % as g2 — 0.

Although we know that the scaling region of QCD is at weak cou-
pling, it is still interesting to compare these strong coupling results with
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experiment. For small M — M.,

m2 =4.8m,, my=M — M., (7.42)
m, = 0.894 4+ 1.97m,, (7.43)

We can choose M such that m,/m, takes the experimental value 140
MeV /770 MeV, which gives m, = 0.0055. This may be compared with
m, = 0.894 at M = M. Introducing the lattice distance, am, = 0.994,
means that the lattice cutoff is 1/a = 770/0.894 = 860 MeV and the
quark mass m, = 0.0055/a = 4.7 MeV, which is remarkably close to the
up—down quark mass found in numerical simulations (m,q ~ 4.5 MeV
(quenched), see section 7.5). Mass ratios not involving the pion can be
approximated by taking M = M,.. Then we have the strong-coupling
predictions

DN _q17@121), 24 =1.01(1.31), M=M, (7.44)

m, my
where the experimental values are given in parentheses. For M — oo
the baryon/meson mass ratio would be 2. The results are not improved
much by including O(1/¢?) corrections, which are already hard to calcu-
late [82]. The idea of using the strong-coupling expansion as a method
for calculating the properties of hadrons has failed up to now because of
its great complexity.

Other quantities such as the decay constants f, and f,, the 7—m scat-
tering amplitudes, and the splitting m,” — (m2 4+ m2,)/2 in the neutral
pseudoscalar meson sector, which is related to the notorious U (1) prob-
lem, have also been calculated at strong coupling. Quantitatively these
predictions are wrong of course, but they present an interesting carica-
ture of hadron physics.

7.5 Numerical results

In table 7.1 the low-mass hadrons found experimentally are listed, with
their valence-quark contents indicated. The electric charge of a state is
just the sum of the charges of the quarks, which is +% for u, —% for d and
s, and the opposite for the antiquarks indicated by a ‘bar’. The flavor-
neutral mesons (7%, ..., ¢) have mixed quark content, approximately
as indicated (with small ‘contaminations’ in parentheses). The decuplet
baryons are symmetric in their flavor content, whereas the octet has
mixed symmetry. The neutral octet members ¥ and A differ in the

symmetry properties of their u,d flavor content. The primary aim of
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State Spin Mass (MeV) Valence-quark content
N 1/2 940 uud, udd

by 1/2 1193 wus, (ud + du)s, dds
A 1/2 1116 (ud — du)s

=) 1/2 1315 uss, dss

A 3/2 1232 wuu, wud, udd, ddd
¥ 3/2 1384 uus, uds, dds

= 3/2 1532 uss, dss

Q 3/2 1673 888

™ 0 135 ud, di B

K 0 498 us, ds, su, sd

p 1 768 ud, dii .

K~ 1 896 us, ds, su, sd

w0 0 135 wit — du (& s5)

n 0 547 u + di — 285

n' 0 958 ut + di + s5

p° 768 wi — du (& s5)

w 783 uil + dd (& s5)

o 1019 s5 (& uu & dd)

Table 7.1. Low-mass hadrons: the baryon octet (N, X3, A, =), the
baryon decuplet (A, ¥*, Z*, Q) and the mesons

the numerical simulations is to recover this spectrum of hadron masses
with essentially only three parameters: the A scale which corresponds
to the gauge coupling and which sets the overall mass scale, the non-
strange-quark mass in the approximation m, = mg and the strange
quark mass m.

In numerical simulations the fermion determinant det A poses the
greatest problem. The quenched approximation consists of the replace-
ment det A — 1, while taking its effect on the effective gauge coupling
into account by a change in the bare coupling. This means that only
the valence-quark propagators are taken into account and the sea-quark
loops are neglected. For this reason the approximation is also called the
valence approximation.

The reliability of this approximation (which destroys the Hilbert-space
interpretation of the fermion path integral) is hard to establish a priori.
It helps to consider the generalization of the SU(3) gauge group to



7.5 Numerical results 179

SU(nc¢), with n. — oo [67]. Then the contribution of each sea-quark
loop to a mesonic correlation function is down by a factor 1/n.. For
mesons the large-n. limit corresponds to the quenched approximation.
Baryons, however, have n. valence quarks and the baryon mass becomes
proportional to n. as n. — oo [96]. Yet, as we have seen in section 5.6
for the glueballs, ordering various non-baryonic quantities according to
powers of 1/n. is quite illuminating even for values of n. as low as 2 and
3.

Simulations with dynamical fermions (‘unquenched’) are very time
consuming and for illustration we shall now describe the results of a
computation with only two dynamical fermion species [97]. An improved
action is used for which larger lattice spacings can be used without
discretization errors blowing up. The dynamical fermions are assumed
to be the lightest sea quarks, u and d, and their masses are taken to be
equal. This is not the actual situation, mgy is roughly twice m,, both
being of the order of 5 MeV.T However, the hadron masses are generally
much larger and, neglecting such small O(5 MeV) effects, one may as well
take mggg = mégil = Mgea (recall that m = M — M.). The pseudoscalar
mesons require special attention in this respect, as will be discussed
in the next chapter, but even these depend primarily on the average
quark mass (m,, + mgq)/2. The other sea quarks in the simulation have
effectively infinite mass. The masses in the valence-quark propagators

can still be chosen at will; they do not have to be equal to the mases of
(ud)

val >
for the hadrons composed of u, d and s. Such computations in which

the sea-quark masses differ from the valence-quark masses are called
‘partially quenched’.

the sea quarks, so we have m. and mflz)l as valence mass parameters

In the simulations one first produces gauge-field configurations and
then computes the average of the hadron-field correlators built from
valence-quark propagators. Only valence diagrams of the type (a) in
figure 7.2 are computed in this numerical study, since quark propagators
corresponding to type (b) are much harder to evaluate. This means an
approximation for the masses of mesons with quark—antiquarks of the
same flavor (those below the second double line in table 7.1), which
makes sense only if one sets m,, = my (this follows from the discussion to
be given in section 8.2). Diagrams of type (b) cause mixing of the flavor
content of the mesons, which is expected to affect the vector mesons less

t This is the reason, for example, why the neutron is 1.3 MeV heavier than the
proton, despite the Coulomb self-energy of the proton.
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Fig. 7.6. mpg as a function of 1/k. for 3 = 2.1 and four values of Ksea. From
[97].

than it does the pseudoscalars. For the n’ mass diagrams of type (b) are
essential.

Each choice of sea-quark mass implies a separate costly generation
of gauge-field configurations, whereas the computation of valence-quark
propagators is less expensive, so typically one has many more valence-
quark masses than sea quark masses available for analysis. However,
by fitting suitable functions of all the masses involved, it is possible to
obtain the desired mass combinations by interpolation and extrapola-
tion. The latter is needed because the simulations need more time as
the sea-quark masses are reduced and their small physical values cannot
be simulated yet. So this introduces some uncertainty.

It turns out that the dependence of the squared pseudoscalar masses
on the quark masses is almost linear, which can be understood as the
result of chiral symmetry breaking (see chapter 8), and the data can be
fitted well by a quadratic polynomial in the quark masses. This is done
in [97] as follows. For mesons composed of valence quarks 1 and 2 the
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Fig. 7.7. mv versus mpg for 8 = 1.8. From [97].
average valence quark mass is given by

1 1
26 2Ke

(7.45)

val

Myal = %(mgg + m(2)) R m=M — Mc =

where r is Wilson’s hopping parameter (r = 1). In terms of these the
pseudoscalar masses are parametrized as

2 (D (2)) 2 2
Mmpg (Kfseaa Ryaly Fyal | = bsMgea + byMiyal + CsMyge, + CyMi a1

+ CsvMseaMval + cwm‘(,gm‘(,i{. (746)

In figure 7.6 results for the squared pseudoscalar masses are shown as
a function of the average valence-quark mass, for one of the four values
{1.8, 1.95, 2.1, 2.2} of the gauge coupling S used in the simulation.
Results at the other 8 values look similar except for a change of vertical
scale (the mass in lattice units being smaller at larger ). The labels
‘SS’, ‘SV’ and ‘VV’ mean the following.

YV 8 = i) = s

€]

val

€]

can be written as m_, =

Lo (2) . .
SV: m_,] = Mgea; then m 2Myal — Mseas
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Fig. 7.8. Baryon decuplet masses versus mpg for 3 = 1.8. From [97].

SS: msg = mgj = Migea-
The lines VV and SV almost coincide and they are almost parallel for
different kKgea, SO the line SS crosses all the others.

Note that M. = 1/2k. is also a free parameter in the fitting formula
(7.46). If we read the right-hand side of (7.46) as a function of the
inverse k’s, changing k. merely shifts all curves in figure 7.6 horizontally;
1/kc is then the value at which mq(Kerit; Kerits Kerit) = 0. Knowing the
parameters by, ..., ¢g and k. from the fit determines mig for every
combination of the x’s and quark masses.

A similar procedure could be followed for the other hadron masses.
Alternatively one can plot them as a function of mjg, the procedure
followed in [97]. The vector meson masses can be fitted to a quadratic
polynomial in m3g,

my (nsea; /ssg, /<;(2)) = AV + BY isea + BY jival (7.47)

val

+ Csvlu’gea + C\Y:U'%zal + Cs\\/z,ufseal/fval,
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with
i = mips (Reai i m ) = 300+ pa), (T49)
fisea = Mips (Ksea; Kseas Fsea) (7.49)

lii2). A corresponding plot is
shown in figure 7.7. Note the shift in vertical scale relative to fig. 7.6.

Next the baryon masses are analyzed. The simplest are the decuplet
states which are symmetric in the flavor indices. Writing pva1 = (1 +
p2 + ps3)/3, the decuplet masses can be fitted by a formula similar to
(7.47), see figure 7.8. The octet baryons have a more complicated quark-
mass dependence because they have a mixed flavor symmetry; we shall
not go into details here (see [97]), but the corresponding figures look
roughly similar to fig. 7.8.

The gross features of the mass spectrum are that, for the pseudoscalars,
the squared mass is approximately linear in the quark masses (and van-
ishing at mya = Msea = 0), whereas for the other hadrons the mass
itself is approximately linear.

Having obtained the coefficients from the fits, the physical value of
the sea-quark mass can be determined for each §. Ideally this could be
done by fixing the computed pion—nucleon mass ratio at the physical

(the data show no need for a term C.

value, but in this case there are good reasons to believe that the nucleon
mass suffers from finite-volume effects (based on experience in previous
computations). A good alternative is to use the pion—rho mass ratio.
Setting pival = Hsea = m2 in (7.47) the equation

=0.176

luzs s
AV 4+ (BY + BY)m2 + (CY + CY + Cy)mi [mpLhys
(7.50)

can be solved for m.

Using m, = 768 MeV, one can then introduce the lattice spacing a by
putting am, = denominator in (7.50), and find the value of 1/a in MeV
units at each 5. Knowing the physical values of m,4 and the value of 1/a,
the masses of the nucleon and delta can be evaluated from the fits and
expressed in MeV units. Linear extrapolation to zero lattice spacing
(cf. figures 7.10 and 7.11) gives the results mx = 1034(36) MeV and
ma = 1392(58) MeV. These ‘predictions’ are to be compared with the
experimental values of 940 and 1232 MeV (recall that in this simulation
the physical volume is assumed to be somewhat small for these baryons).

Next the mass of the strange quark can be determined by fitting the
kaon-rho mass ratio to the experimental value, mpg(kud; Kud, £s) /M) =
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Fig. 7.9. Meson masses as a function of lattice spacing. The linear fit to a =0
uses only the data at the three largest lattice spacings. Experimental values
are indicated with diamonds. From [97].

mi /m? = (498/768)* (note that mg is of the type SV). The masses of
other hadrons containing strange valence quarks are then ‘predictions’.
Alternatively, the the ¢—p mass ratio was used in [97], the ¢ being of type
VV, my (Kud; ks, ks)/m, = (1019/768). The two ways of determining
the valence mass of the strange quark are denoted by ‘K input’ and ‘¢
input’. Figure 7.9 shows such a ‘prediction’ for mesons as a function of
the lattice spacing together with the continuum extrapolation. Examples
for the baryon masses are shown in figsures 7.10 and 7.11. The improved
action allows rather large lattice spacings to be used. It can be seen that
the a-dependence is consistent with ‘linear’, for the three larger lattice
spacings, despite the fact that the baryon masses in lattice units are
above 1 for the largest lattice spacing (cf. fig. 7.8), which reduces by a
factor of about two for the smallest lattice spacing.

The meson masses in the continuum limit are close to experiment at
the level of 1%. The masses of baryons with three or two strange valence
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Fig. 7.10. Baryon decuplet masses as functions of a. From [97].

quarks are also close to experiment, but the discrepancy increases with
only one or zero strange valence quarks. This is interpreted as finite-
size effects being smaller for the hadrons involving the heavier strange
valence quark (the lattice size in physical units is about 2.5 fm).

It is also of considerable phenomenological interest to determine the
quark masses in physical units. In QCD the renormalized mass parame-
ters are ‘running’ with the renormalization scale, similarly to the gauge
coupling. An analysis of the quark masses in this simulation leads to
the result mM> ~ 3.4 MeV and m® ~ 90 Mev, at the scale 2 GeV.

Comparing with the results of simulations in the quenched approxi-
mation, [97] finds that the inclusion of dynamical v and d quarks has
improved agreement with experiment. Figure 7.12 shows a compari-
son; Ny = 2 indicates the simulation discussed above while ‘N = 0
Improved’ denotes a quenched simulation using the same gauge field
action; ‘N = 0 Standard’ shows the results of an earlier simulation
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Fig. 7.11. Baryon octet masses as functions of a. From [97].

[98] using the standard Wilson action. It is surprising how good the
quenched approximation actually is for the hadron spectrum. The effect
of dynamical fermions on various physical quantities is not easily estab-
lished, see e.g. [99]. One may expect that results will further improve
with simulations including also a dynamical strange quark, as well as
including larger volumes.

7.6 The parameters of QCD

The parameters in the Wilson action (r = 1) are g* and my = My — M.,
the critical value M, = 1/2k. being determined completely by the gauge
coupling. We have seen in the previous sections how these may be
determined by the hadron spectrum. In particular, g determines the
overall scale, say the proton mass m, at m, = mgq = m, = 0, while
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the quark masses determine the ratios mpg/m. Roughly speaking, m,,
My+, Mg+, and mY are the free parameters of three-flavor QCD.

The renormalized masses and coupling depend in general on the renor-
malization scheme. In a mass-independent scheme such as minimal sub-
traction (cf. problem (iii) for a perturbative lattice definition), we get
renormalized running coupling and masses at momentum scale u, g(u)
and mys(p). They satisfy the renormalization-group equations

) i
WG =B n gL =a()m, (7.51)

witht
B(g) = =g — B2g° — -+, (7.52)
Yg) = -G — gt — - (7.53)

t The subscript k of 85, and v, indicates that the coefficient corresponds to diagrams
with k£ loops. Another notation, often used, is 8 — Br—_1, Y& — Yk—1, and [63]
ﬂk’ — bk—la k= 17 23 ey fY(g) — T(g) = _dOgZ - d1,§74 -t
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Here (31, B2 and ~; are universal and given by

1 11 2
O = T6a2 (?"C - §"f> ’ (754
1 34 , 10 (n2 — 1)ng
,82 = (167‘[‘)2 [Enc — ?’I’Lcnf — T 5 (755)
1 3(n2-1)
N = 162 7n ; (7.56)

where n, is the number of colors and n¢ the number of dynamical flavors.
We have already seen in section 5.2 how an overall scale A may be
defined in terms of the gauge coupling,

A = p(Big?) Pe/?Bi e 1/28:5

X exp {—/Og dg {@ + 51193 - %} } . (7.57)

This scale is renormalization-group invariant, i.e. dA(u, g(u))/dIn p = 0.
Similarly one defines renormalization-group-invariant quark masses

mif = () (26,5°)
xexp{—/ogdg [%—%H, (7.58)

which satisfy dm]}gi(u,g(,u))/dlnu = 0. As we have seen in section
5.2, the scale A depends on the renormalization scheme; however, using

similar arguments it follows that the ml}gi are scheme-independent. In
[63] special techniques are used to compute the renormalization group
functions 8(g) and v(g) non-perturbatively.

Asymptotic freedom (8; > 0) is guaranteed for ny < 11ln./2, or
ng < 16 for QCD. We also see from the p-independence of m}gi that
the running mass m(u) goes to zero oc (§%)7/2%1 as y — co. The same
is true for the bare quark mass m; as the lattice spacing a — 0 (in
minimal subtraction the bare parameters run in the same way the the
renormalized ones, cf. problem (iv)).

7.7 Computing the gauge coupling from the masses

At long distances the non-perturbative methods of lattice gauge theory
allow us to compute the properties of hadrons. At short distances we
know that weak-coupling perturbation theory works well. Many physical
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properties have been successfully related with the methods of perturba-
tive QCD. The essential parameter in these calculations is the renor-
malized coupling constant gg. A useful characterization of the cou-
pling strength is the value of the running coupling gyrg(p) in the MS
scheme, which is customarily taken at the scale set by the mass of the
Z-boson, u = myg, or rather the value of the ‘strong fine-structure con-
stant’ ag(myz) = g;{—s(mz)/éhr. It is not a free parameter; its value can
be predicted just like other physical quantities such as mass ratios. Let
us see in more detail how this can be done.

Suppose that we compute the static quark—antiquark potential V' at
short distances. From the force
_ov _ ., gv(/r)

= = T (7.39)

we know ¢%(1/r) at some distance r/a in lattice units, for some bare g

F(r)

and quark-mass parameters aM, chosen such that m,/my, mx/mp, ...,
have the experimental values to reasonable accuracy. From the value of
the proton mass in lattice units, am,, we then also know the distance r
in units of m,, rm,. Provided that rm, is small enough, we can then
use the perturbative renormalization group

wdgy

i Bgv), Blgv) = —Bigy — Pogy +---, p=1/r, (7.60)

to relate the computed g2 (1/r) to g% at higher pu. At sufficiently large u
we can use the perturbative connection between g3, and g2 parametrized
by the ratio of the scales Agrg/Av.

This program is difficult to implement because the lattices for sim-
ulations with dynamical fermions in spectrum computations tend to
be small. Other renormalized coupling constants have been proposed
in place of gy, which are useful for numerical computations, e.g. the
‘Schrédinger functional method’ [94].

7.8 Problems

(i) Effective action
The exponent in (7.17) can be interpreted as an effective action
for the gauge field. Calculate the contribution of the smallest
closed loop (around a plaquette). Show that it corresponds to an
decrease (i.e. increase of the effective 3 = 6/¢?) of the effective
gauge coupling.
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(i)

(iii)

Low-mass hadrons in QCD

Three flavors
Devise a method for analyzing numerical hadron-mass data with
dynamical up, down and strange quarks, with m, = mg # ms.
Minimal subtraction revisited
In the following go and mo denote the bare gauge coupling and
quark masses, and ¢ and m the renormalized ones (we suppress
the flavor label f). For Wilson fermions mg = M — M.(go,r).
For staggered fermions we may think of mg simply being the
parameter appearing in the action (see [73] for more details).
The critical mass M. is linearly divergent and the bare mg has
to absorb the remaining logarithmic divergencies as the lattice
spacing a — 0. The coupling go is logarithmically divergent. We
shall now follow similar steps to those in problem 3(iv) for the
QCD case.

Both gg and mg are multiplicatively renormalized,

g0 = 9Z4(g,Inap), (7.61)
mo = mZn, (g, lnau), (7.62)
o0 n
Zy(g,lnap) =1+ Z Z 7%, g*"(In ap)*
n=1 k=0
= Z{(g9)(Inap)* (7.63)
k=0

and similarly for Z,,,

m (g, Inap) Z Z7™(g9)(In ap)* (7.64)

Terms vanishing as a — 0 have been neglected, order by order in
perturbation theory. In principle we can allow any choice of the
coefficients Z?)™ which lead to a series in g2 for the renormalized
vertex functions in which the dependence on a cancels out. In
minimal subtraction one chooses

Z3(g) =1, Z*(9)=1. (7.65)

The renormalized g and m depend on the physical scale p but
not on a whereas gg and mg are supposed to depend on a but not
on y. Then

0=[u3+5(g)

0
o —} 974(g,In ap), (7.66)

dg
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0 0
0=|p o + B(g) By +7(9)| Zm(g,Inap), (7.67)
where
% _ podm
Blg) =n a0 v(g) = mdn (7.68)

By going through similar arguments to those in problem 3(iv),
show that in minimal subtraction

Blg) =—-Z{(9), ~(9)=—-2Z"(9). (7.69)

Verify that, in minimal subtraction, the renormalization group
functions for the bare parameters are identical to those for the

rernomalized ones, Bo(g0) = B(g0) and Yo(go) = Y(go). Verify the
RG-independence of A and m*®! in (7.57) and (7.58).
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Chiral symmetry

In this chapter we pay attention to a very important aspect of QCD and
the Standard Model: chiral symmetry. It is a symmetry that is natural
in the continuum but it poses special problems for regularizations, in-
cluding the lattice. We review first some aspects of chiral symmetry in
QCD, then discuss chiral aspects of QCD on a lattice, and finally give a
brief introduction to chiral gauge theories, of which the Standard Model
is an example.

8.1 Chiral symmetry and effective action in QCD

Consider the mass terms in the QCD action,
Smass = - /d41"(/_Jm’(/J, (81)

where m = diag (m.,, m4, ms, - - -) is the diagonal matrix of mass param-
eters. We know that the first three quarks u, d and s have relatively
small masses compared with a typical hadronic scale such as the Regge
slope (') ~1/2 ~ 1100 MeV or the string tension /o ~ 400 MeV. (Recall
that m,q = 4.4 MeV and m4 =~ 90 MeV in section 7.5.) Suppose we set
the first n¢ quark-mass parameters to zero. In that case the QCD action
has U(n¢) x U(ng) symmetry, loosely called chiral symmetry, in which
the left and right handed components of the Dirac field are subjected to
independent flavor transformations Vi, g € U(ng),

1/}_>V,¢}7 V:VLPL+VRPR7
b=V, V=VIP+ViP =pVis,
PL=3(1-7), Pr=3(1+7). (8.2)

192
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Here V1, g act only on the first n¢ flavor indices of the quark field. The
matrix 75 = i7°71727® = —y1727374 has the properties v/ =5, 72 = 1
and it anticommutes with the v,, i.e. %57, = —v,7. The P r are
orthogonal projectors, P2 = P, P2 = Pg, PLPr = 0, P, + Py =
1. Because of these properties the derivative terms in the action are
invariant,

DY Dty — PVA*V D = Py (Vi Vi, + VEVR) Db = 9" D). (8.3)
The mass terms transform as
dmap = YVmVip = G(VimVL P, + Vi mVi Pr )b, (8.4)

so they break the symmetry. A flavor-symmetric mass term has m oc 1.
Such a mass term is invariant under flavor transformations, for which
VL = Vr. However, it is not invariant under transformations with Vi, #
Vr- A special case of these are chiral transformations in the narrow
sense,! for which ¥, = VPJ[. For m = 0 in the n¢ x n¢ subspace the action
is invariant under chiral U(n¢) x U(n¢) transformations.

In the quantum theory the U(n¢) x U(ng) symmetry is reduced to
SU (ng) x SU(ng) x U(1) by so-called anomalies (this will be reviewed
in section 8.4). Here U(1) is the group of ordinary (Abelian) phase
transformations ¢ — €™ ¢, ¢) — e~* ). Furthermore, the dynamics is
such that the SU(n¢) x SU(n¢) symmetry is spontaneously broken.

An informative way to exhibit the physics of this situation is by using
an effective action. We have met already in chapter 3 the O(4) model for
pions (which can be extended to include nucleons cf. problem (i)). This
illustrates the case n¢ = 2 (the group SO(4) is equivalent to SU(2) x
SU(2)/Zs, cf. (D.19) in appendix D). One introduces effective fields ¢
which transform in the same way as the quark bilinear scalar fields 1,1 ¢
and pseudoscalar fields v,ivs1¢, f,g = 1,..., ng. We start with

(I’fg = 1/_JgPL1/Jf, (8.5)
which transforms as
Prg— (Vi)gy (VPJ[)g’g Py, (8.6)
or, in matrix notation,
o — VLoV (8.7)

The other possibility leads to ®T:

b Pripy = (VF Pr Bipg)" = (y Pripg)™ = (®47)* (8.8)
= (®)y,. (8.9)
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Under parity ® and & are interchanged,
3(2°,x) 5 & (2°, —x). (8.10)

Ignoring the symmetry breaking due to anomalies, the effective action
for the effective field ¢ <> ® has the same chiral transformation proper-
ties as the QCD action. We shall first examine the form of this effective
action and derive some consequences, and later take into account that
anomalies reduce the U (ng) xU (ng) symmetry to SU (ng) x SU (ng) x U (1).

For m = 0 we want an invariant action. The combination Tr[(¢¢!)¥]
is invariant under (8.7). An invariant action is given by

S = —/d4a: Tr(Fod,¢' F1o" ¢ + @), (8.11)

where F} » and G have the forms
F = zkjflk(w*)’“, Py = gm(cﬁ%)’“, (8.12)
G= ijgkww)’“. (8.13)

Reality of the action requires the coefficients fix, for and gi to be real.
Invariance under parity requires

Jik = fok- (8.14)

The action might also contain terms of the type
Tel(¢9")*] Te[(69")']. (8.15)

At this point we assume such terms to be absent and come back to them
later.

There may also be higher derivative terms. Their systematic inclusion
is part of chiral perturbation theory, see e.g. [19]. For slowly varying
fields, which is all we need for describing physics on the low energy-
momentum scale, we may assume such higher derivative terms to be
negligible.

The classical ground state will be characterized by 9,¢ = 0 and cor-
respond to a minimum of TrG. Let Ay, ..., A, be the eigenvalues of
the Hermitian matrix ¢¢f. Then

TG =) g\ +--+A5). (8.16)
k
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A stationary point of Tr G has to satisfy

0

9 k-1
= —TrG = : 1
Y r G gk grkA; ™, (8.17)

which is the same equation for each j. Hence, the solution is
M= =X\, =\, 0o =\ (8.18)

Since ¢t > 0 (i.e. all eigenvalues are > 0), A > 0.

We shall now assume that A # 0 at the minimum of TrG. The
symmetry is then spontaneously broken, because a non-zero ¢ in the
ground state is not invariant under U(ng) x U(ng) transformations. It is
helpful to use a generalized polar decomposition for ¢,

¢p=HU, H=H' vf=vU""1 (8.19)

The H and U can be found as follows: H can be calculated from H =
+/¢¢pt and then U = H='¢. In the ground state H = ++/All. The
degeneracy of the ground state is described by U, which is an element
of U(ng). It transforms as U — VLUVPJ[. Without loss of generality
we may assume that U = 1 and H = —v/All (the minus sign becomes
natural on taking into account the explicit symmetry breaking due to
the quark masses). This exhibits clearly the residual degeneracy of the
ground state: it is invariant under the diagonal U (n) subgroup, for which
V1, = Vr. The pattern of spontaneous symmetry breaking is

U(nf) X U(nf) — U(nf) (8.20)

The variables of U (e.g. using the exponential parametrization) are anal-
ogous to angular variables for the O(n)-vector field ¢, in the O(n)
model. We expect these to correspond to Nambu—Goldstone bosons.

Let us linearize the effective action about the ground state, writing
H=—-v+h, U =exp(ia),

o= (~v+h)(1+ia—3ia’+--), v=VA>0 (8.21)

(from now on we no longer distinguish between 1 and 1). We keep only
terms up to second order in h and a. Since J,,¢ is of first order, we may
replace ¢ by v in F 5 in (8.12),

Fy=F,=F, for ¢=-—v, (8.22)
and obtain

S=- /d4m Tr (F?0? 0,00 a + F20,h0"h+rh*) +---.  (8.23)
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The - - - also include the ground-state value of S. The coefficient r follows
from

TG =) gev™ Tr[(—1+ h/v)*] (8.24)
k

=3 g™ e + k(2k — Do~ Teh® + -+, (8.25)
k

where the term linear in h vanishes because Tr G is stationary at h = 0.
Since we expand around a minimum of Tr G, the coefficient

r=> gek(2k — 1)v** 2 (8.26)
k

is positive. The form (8.23) shows that the a fields have zero mass
parameter - they correspond to n? Nambu-Goldstone bosons. The h
fields have a mass given by

mji =r/F°. (8.27)

At this point we shall make the useful approximation of ‘freezing’ the
‘radial’ degrees of freedom H to their ground-state value H = —uv, or
h = 0. This approximation is justified when my, is sufficiently large
compared with the momenta of interest (cf. problem (i) for numbers)
and it simplifies the derivations to follow. Thus we get

¢(z) = —vU(), (8.28)
S =— / d'z f; Tr (9, U0"U), f? = 4F%?, (8.29)

where we omitted a constant term.

We now comment on the terms of the form (8.15). When these are
included the uniqueness of the form (8.18) is no longer compelling and
other solutions with A; # A;, are also possible. This depends on the de-
tails of the action. However, arguments based on the large-n. behavior
of the generalization of QCD to an SU(n.) gauge theory suggest that
terms of the form (8.15) are subdominant [100]. The ground-state solu-
tion of the complete effective action including terms of the form (8.15)
is still expected to have the symmetric form (8.18), and the symmetry
breaking pattern is still expected to be U(ng) x U(ng) — U(ng).

The quark-mass terms in the QCD action explicitly break chiral sym-
metry. They have the form of an external source coupled to quark
bilinears,

Smass = — / d4$ I/;m(PL + PR)I/} (830)
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= /d4:rTr(JT<I> +oty), J=-m. (8.31)

Hence, we can absorb the quark mass terms in the coupling to such
an external source. The total effective action including this source has
the form In Z(J) = S(¢) + [d*z Tr (JT¢ + ¢TJ), where ¢ is again the
effective field. Setting J = —m thus leads to an addition AS in the
effective action

AS = — / diz Tr[m(p + ¢1)]. (8.32)
Expandingt ¢ = —vU = —vexp(ia) to second order in a gives
AS = —/d4mUTr(ma2) +.= —/d4xv2mfafgagf +---
fg
(8.33)

Since U is unitary, oy = a},. Taking ay, with f < g as independent
variables leads to

AS:—/d%v Z(mf+mg)afga}g+2mfafcf+--- . (8.34)
f<g f

Similarly, expanding the gradient term (8.29) gives

2
S:—/d‘lm% QZaﬂa;gauafg—i_Zauaffauaff+...
f<g 7
(8.35)

As expected from the O(4) model, AS gives a mass to the Goldstone
bosons, which for small m is linear in m

m}, = B(myg +my,), B=2v/f> (8.36)

In the next section we shall confront these mass relations with experi-
ment.

By coupling the effective action to the electroweak gauge fields it can
be shown that the constant f determines the leptonic decays of the pseu-
doscalar mesons. It is known as the pion decay constant, f = fr ~ 93
MeV. This constant also determines the size of the s-wave pi—pi scatter-
ing lengths in good agreement with experiment.

To end this section we note a relation between the pion decay con-
stant f, the unrenormalized chiral condensate (yn)) = Zf(@zfﬁ/}f) =
23 4(¢ss) = —2n¢v, and the wave-function renormalization constant Z

1 We neglect here the effect of the quark masses on the ground state value of ¢.
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of the pseudoscalar fields Py, = i(¢p! — @), <> 1,iv5t05. The constant
Z can be read off from S = — [d'z Z7' Y, 8,P},0" Py + - -+, using
U = —¢/v and (8.29) and (8.35): Z=' = f?/8v?. Hence, f is given by
the renormalized chiral condensate (Y0))/v/Z,

_ V20 _ —V2(g)

I=7 = vz

(8.37)

8.2 Pseudoscalar masses and the U(1) problem
The candidate Nambu-Goldstone (NG) bosons and their masses are
* :m2, =m?2; =0.0195 GeV?
K*:m%, =m?, = 0.244 GeV?
K° K°:m?2, =m?2, = 0.248 GeV?
70 :m2, = 0.0182 GeV?
> =0.301 GeV*®
n':m?, =0.917 GeV? (8.38)

n:m

For the unequal-flavor particles (f # g) we have indicated the quark
labels. For the neutral 7%, n and 1’ the quark assignment turns out to
be less straightforward.

Consider two light flavors, ny = 2. The mass formula (8.36) with
f =u,dand g = u,d predicts four NG bosons in this case. The obvious

candidates are 7%, 7° and 7, with

m2, =m?2, = B(my + mg). (8.39)
According to (8.36), the other eigenstates are @u and dd. If we try to
assign 7° ¢ @u, 1) < dd, the relation

m2, = 5(mi, +mjy) (8.40)

cannot be fulfilled at all. If we assume that m, ~ mg and 7° an equal
mixture of @u and dd to get mio ~ mfrJr, the orthogonal combination of
wu and dd should have approximately the same mass as 7°: the n does
not fit in.
Consider next three light flavors, n = 3. The mass formulas now
predict nine NG bosons. We find
My +mgq M2y My +ms Moy

= =R = =R 8.41
My + m, m%(Jr 1, Mg + M m%(() 2 ( )
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and from this
% _ RQ(Rl — ].) —31 mg R2
my, 1—Ro—RiRy

= =20. (8.42
mg 1 — Ro+my/ms ( )

Hence m, : mqg : mg =1 : 1.5 : 30. The effective action furthermore
predicts particles with masses

2my,,

m2, = mm§+ = 0.0155 GeV?, (8.43)
de
2 2 2
= " m?, =0.0235 GeV 8.44
Mqq My + myg Myt evy, (8.44)
2m
2 = mm% = 0.473 GeV>. (8.45)

The candidates 7°, n and n' do not fit into the n = 3 formulas either.
The effective action obtained so far must be wrong.

This is an aspect of the notorious U(1) problem. The problem is
the chiral U(1) invariance contained in U(n¢) X U(ng). These are the
transformations of the type V1, = V;{ = exp(iw) 1, or more generally,
transformations V;, = V;{ with det V1, # 1. We know that this invariance
of the classical QCD action is broken in the quantum theory by ‘anoma-
lies’: QCD has only approximate SU (n¢) x SU (n¢) chiral symmetry, plus
the flavor U(1) symmetry Vi, = Vg = exp(iw) 1 corresponding to quark
number conservation.

The resolution of the U(1) problem through ‘anomalies’ turned out
to be a difficult but very interesting task. Here we shall simply add
terms to the action that break the chiral U(1) symmetry and see what
this implies for the mass formulas. We need to introduce terms of the
type det U, which is invariant under SU(n¢) x SU(n¢) but not under
U(ng) x U(ng):

det U — det(V,UV{) = det(U) det(Vr, Vi) = det U, (8.46)
for Vi, g € SU(n). A term like

A'S = / d*z c(det U + det UT) (8.47)

would do, but considerations of the large-n. behavior of ‘n¢.-color QCD’
suggest using instead the form

A'S = /d4a:c (Tr InU — Tr InUT)2. (8.48)

In fact, ¢  1/n.. (Both choices for A’S lead to the same form of the
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mass matrix for the neutral pseudoscalar mesons to be derived below.)
Writing U = exp(ia) gives

2

A'S = —/da:4c Zaff . (8.49)
f

Hence, the masses of azg, f < g, are unaffected, but the ay¢ modes are
now coupled by a mass matrix of the form

M1 4g = 2Bmysdp, + X, A=16¢/f?, (8.50)
or
My 0 0 111
m?=2B 0 my 0 |+A[111]. (8.51)
0 0 ms 111

We shall treat the quark-mass term as a perturbation to the A term. For
my = 0 we have the eigenvectors and eigenvalues

bo = %(1, 1,1), m?=23)\, (8.52)
b3 = %(1, -1,0), m*=0, (8.53)
s = %(1, 1,-2), m?=0. (8.54)

Using my, q,s as a perturbation (in the way familiar from quantum me-
chanics) leads to the following mass formulas

my =3\ + B(3my + 2mq + 2m,), (8.55)
m2o = B(m., +my), (8.56)
m} = B(3my + $mq + 3ms), (8.57)

which hold for the mass ratios (8.42) up to tiny corrections. The eigen-
vectors are also interesting, but here we merely mention that 7° and n
are mainly @3 and ¢g, whereas the 7’ is predominantly ¢y. From (8.55)
we can determine the chiral U(1) breaking strength A,

3X=ml — L(mZo +m]) = 3(0.252) GeV*. (8.58)

The mass terms in the effective action depend on four parameters,
Bm,, Bmg, Bms; and X\. Hence we have two predictions for the five
pseudoscalar masses:

m2o =m2,, (8.59)
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w

K A

Fig. 8.1. Triangle diagram in which chiral anomalies show up.

my = &(m, +my,) + 3m?, = 0.322 GeV?, (8.60)

which agree reasonably well with experiment. It should be kept in mind
that electromagnetic corrections, which affect in particular the electri-
cally charged particles, are neglected.

In the early days the near equality of m, o and m, .+ was interpreted
as an aspect of approximate flavor symmetry, m, ~ mgy. Now we know
that my is substantially larger than m,, and that the approximate flavor
symmetry is due to approximate chiral symmetry, m, 4 < +/o, the
spontaneous-symmetry breaking pattern U(ng) x U(ng) — U(nf)aavor,
and the flavor-singlet character of the chiral-anomaly term A’S.

8.3 Chiral anomalies

The Noether argument tells us that to each continuous symmetry of the
action corresponds a ‘conserved current’ j*, 9,7* = 0, and a conserved
‘charge’ Q@ = [ d®z j°(z), BpQ = 0. This is true in the classical theory
but not necessarily in the quantum theory, which needs more specifica-
tion than merely giving the action, such as the precise definition of the
path integral. In case the quantum analog of j# is not conserved, one
speaks of an anomaly A = 0,5*. In four space-time dimensions A is
typically oc €8 Tr (G 42Gpw), where G, is a gauge-field tensor. Re-
lations like 0, j* = A can be found in perturbation theory by studying
correlation functions of j# and A with other fields.
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Chiral anomalies correspond to diagrams of the type shown in figure
8.1, and related diagrams, in which one vertex corresponds to a (polar)
vector current, tiy*1), or an axial vector current, 1iv"vys¢, and the
other two vertices to gauge fields. There must be an odd number of v5’s
in the trace over the Dirac indices (Tr (v5YxYAYuVv) = 4i€xrpuv), hence
the name ‘chiral anomalies’. These 5 may come from the gauge field
vertices or from the current.

In QCD there is no 75 associated with the gauge field vertices and only
axial vector currents can have an anomaly. In the Euclidean formulation
their divergence readsf

Oy (1/_’fi'7u751/’g) = (mf + mg)i/;fi%)d’g + 014 2ig, (8.61)
2
g

q= 3972 €crpr TT (GeaGuw). (8.62)

For zero quark masses the right hand side of (8.61) is the anomaly. The
vector currents have no such anomaly. Their divergence reads

au(i}fi'Yuz/}g) = Z.(mf - mg)z/;f@bga (8.63)

which is zero in the symmetry limit m; = m,, hence also in the chiral
limit my = my = 0. The right-hand sides of the divergence equations
(8.61) and (8.63) are zero for the currents corresponding to SU (nf) X
SU (n¢) symmetry, obtained by contraction of tiy* P, gtp, with the
n? —1 flavor SU (n¢) generators (Ag) /2, Tr Ay = 0. Hence, the anomaly
in (8.61) breaks only chiral U(1) invariance corresponding to Ag o< 1 with
O Doy Vriyuyss = 2nsiq.

The quantity ¢ is called the topological charge density. Continuum
gauge fields on topologically non-trivial manifolds (such as the torus 7%
which corresponds to periodic boundary conditions) fall into so-called
Chern classes characterized by an integer, the Pontryagin index or topo-
logical charge Q+op:

Qtop = /d4xq(m). (8.64)

An important example of configurations with topological charge is given
by superpositions of (anti)instantons. The latter are solutions of the
Euclidean field equations (hence they are saddle points in the path inte-
gral) with localized action density, non-perturbative action S = 872 /g>

t The gauge fields are normalized here according to S = — fd4m G/’j,,Gﬁ,,/él + e
with Gﬁ,, =9,Gk — BUG,’“L + gfklmGLG,’,".
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and topological charge +1. In this context we mention also the Atiyah—
Singer index theorem:

Qiop =Ny — N, (8.65)

where ni are the number of zero modes (eigenvectors with zero eigen-
value) of the Dirac operator -, D, with chirality 75 = +1 (cf. problem
(iii)).

The significance of all this for our pseudoscalar particle mass spectrum
is that the phenomenologically required chiral U(1) breaking is present
indeed in quantum chromodynamics, provided that gauge-field configu-
rations with topological charge density give sufficiently important con-
tributions to the path integral. The analysis of this is complicated [101]
but fortunately there is a simple approximate formula which expresses
the effect of the chiral anomaly on the neutral pseudoscalar masses, the
Witten—Veneziano formula [102, 103]:

1
A 2—f72r Xtop, 10 quarks. (8.66)

Here A is the U(1)-breaking mass term introduced in (8.50) and xiop is
the topological susceptibility,

Xeop = / 'z (g(2)g(0)). (8.67)

Note that in (8.66) xtop is to be computed in the pure gauge theory with-
out quarks, although it can of course also be evaluated in the full theory
with dynamical fermions. From (8.58) we have yop ~ (180 MeV)*.

8.4 Chiral symmetry and the lattice

With Wilson’s fermion method chiral symmetry is explicitly broken by
two large mass terms o< M and r/a in the action. With staggered
fermions there are not even any flavor indices to act on with chiral trans-
formations (cf. (6.67)). So we have a problem translating the continuum
lore in the previous section to the lattice using these fermion formula-
tions. As will be mentioned at the end of this section, this problem can
be avoided or at least ameliorated with formulations of the ‘Ginsparg—
Wilson variety’, but an introduction in terms of Wilson fermions is in-
structive and this will be the focus of our immediate attention.

Let us first derive the Noether currents of chiral symmetry. Consider
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the fermion part of the action,

Sr = 5[0re(r = 1) Vs¥sosis + Dpasi(r + 1) Ul0sa]
zpf

_ZMf/‘/_}fszfm; (868)
zf

where we have explicitly indicated the flavor index f in addition to x.
We make a variation of ¢ and 1 that looks like a chiral transformation,

1/}’fz = Vfgz djgz; 1/_1}95 = "/_ng ngf; (869)

in which V has been generalized to depend on the space-time point x:

Vige = 019 + iwfy, Pr +iwf,, Pr + O(w®) (8.70)
= 6pg + WYy, + W5+, (8.71)
Vfgz = 6f9 - iw}[gm + iw?gac’yf) +oeey (872)

where wyy = wy e for L, R, V and A. The variation of the action can be
written for infinitesimal w’s as

6SF = SF(I/Jlaz/;I) - SF(T/),Q/;)
=" Z [Vfugwaﬂw}lgw + A?waﬂw?yw

T

+ Dygzw}/giﬂ + D?gzwagz + O(WQ)] (873)

= Y [@Vh, — DY)t + OuAf,. = D)oy - (874)

We recall that 9, and 0;, denote the forward and backward lattice deriva-
tives, Opwy = Watp — W, and 8sz = Wy — Wa—j. In (8.73), the terms
without derivatives of w are due to symmetry breaking, while the terms
containing J,w are a consequence of the fact that w depends on z - they
serve to identify the vector (V#) and axial-vector (A*) currents. The
classical Noether argument can be given as follows: if 1) and 1) satisfy the
equations of motion, the action is stationary, §Sp = 0, and consequently

_pv _ pA
c’)LVf"g =Dy, GLA?Q = Dj,. (8.75)
Explicitly we have

1. - .
Vfi]z:i [¢fxz(7u - T)Uum¢gx+ﬁ + z/’fﬂH—ﬂZ(')/u + T)U;Ez'ﬁbgac] > (8-76)

1. . -
Ai‘bgzzi [$r207u Y5 UnaVgarn + ¢fﬂt+ﬂ7”yu75Ulmz/}gz] , (8.77)
Dygz:i(Mf — M) sathga (8.78)
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r -
— 5 2 [Prai9 U tgess + Ul pibga—s)
o

+ (Wpos Ul + Vo iUpa—p)ivstge) - (8.79)

We see that, in the flavor symmetry limit My = M, = M, the vector-
current divergence DV = 0. For the axial-vector divergence the story is
more subtle: we can set all mass parameters Ay and r to zero, in which
case D* = 0, but then we get back the species doublers, which is not
Wilson’s method. To get chiral symmetry without fermion doubling, we
have to take the continuum limit. In the classical continuum limit we
expect D?g to be proportional to the quark masses because then the
mass terms in the action reduce to [ d*zv¢m1), by construction (recall
(6.58)):2

D}y () = (my +mg)ibs (@)ivsihy () + O(a). (8.80)

Hence, the classical D* vanishes in the chiral limit, which is ‘Noether’s
theorem’ for Wilson fermions.

In the quantum theory the fields become operators. Their correlation
functions can be obtained with the path integral. Consider the expec-
tation value of an arbitrary set of fields ¢, - - - ¢, = F, composed of the
fermion fields and/or gauge fields,

(F) = %/D@z}m} DUeF, Z = /D@ED@ZJ DU e, (8.81)

and let us make the transformation of variables (8.69). A transforma-
tion of variables cannot change the integrals, so Z' = Z and (F)' = (F).
However, by following how the path integral measure and the integrant
transform we can derive useful relations, called Ward-Takahashi identi-
ties. The path integral measure is invariant,

DYDY = ] dhaas dhaas = [ dWeaar dsaas(det Vo det V,) !

zaaf zaaf

= DDy, (8.82)

because det V det V = det(VV) = det(VLV;{PL +VRVLTPR) = det(VLV;{)
det(VaVi) = det(Vi,ViVaV}') = det1 = 1. On the other hand, the
change in the action is given in (8.74) and the fields in F' may also

change, F' = F + Y,  wp 0F/07,, +---+ A = V. So we get the
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identity, e.g. for a chiral transformation,

0
0= —(F) = ( /Dz/; Dy DU %' )
aw}“gx 8wfgx Z'

o) . a8 OF
=— [ DyDy DU S F :< F+ >
/ 0w}, Yrge ( ) 3&1?” 3&1?”
OF
- <( A — fgz)F+a o > (8.83)
gr

The content of such relations may be studied in perturbation theory. To
one-loop order this can be done in the way seen in section 3.4 and the
problems in section 6.6. A crucial example is the case F' = G, Gy, for
which 0F/ Bw?g = 0 since F' consists only of gluon fields, which leads to
triangle-diagram contributions of the type shown in figure 8.1. A calcu-
lation [70] shows that, for this case, D}*g — (my +mg)rivsihy + 614 2ig
in the continuum limit. The topological-charge density contribution is
due to the Wilson mass term and the coeffcient of ¢ is formally o r, but
actually independent of r, provided that it is non-zero.

Another example is F' = t)7,1),,, which leads to the conclusion that,
for this case, D?g — (my +mg)fipi}fi'y5¢g—(nA—l)BuA?g, where kp and
kA are finite renormalization constants of order g* (cf. [70, 109, 104]).
The topological charge density does not contribute here in this order
because it is already of order g2.

At one-loop order we get the same contributions as those found in
continuum perturbation theory because the bare vertex functions re-
duce to the continuum ones (in the balls around the origin of the loop-
momentum integration) in the classical continuum limit. There are also
differing contributions, which are, however, only contact terms.f These
translate into the finite renormalization constants k.f The anomaly is a
singlet under flavor transformations (i.e. o d74) because the r-mass term
is a flavor singlet. Note that, by a global finite chiral transformation, we
could transform rép, — 7(VV)¢,, implying that M. oc VV. However,
this is merely a change of reference frame and the physics cannot depend
on it. The quark masses have to be identified as the mismatch between
M and M..

t Recall that contact correspond in momentum space to polynomials in the mo-
menta, of degree less or equal to the mass dimension of the vertex function under
consideration.

1 In the literature these k’s are often denoted by Z, which notation we have reserved
for renormalizations diverging when a — 0.
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The above examples show the phenomenon of operator mixing: oper-
ators (fields) with the same quantum numbers tend to go over into linear
combinations of each other in the continuum limit (the scaling region).
Such mixing is restricted by the symmetries of the model and there is
more mixing on the lattice than there is in the continuum because there
is less symmetry on the lattice. The x’s above are due to the chiral
symmetry breaking of the Wilson mass term at non-zero lattice spac-
ing. On general grounds of scaling and universality one assumes these
results to be qualitatively valid also non-perturbatively. One introduces
renormalized field combinations that are finite as a — 0 that satisfy
some standard normalization conditions. Before writing these down, let
us introduce a lattice field that reduces to the toplogical charge density
q in the classical continuum limit. There are many of course, as usual,
e.g. the one introduced in [105],

1

e = 3272

Z enAuuTr (UnAac Uut/x) > (884)
KAy symmetrized

where the symmetrization is such that ¢, transform as a scalar under
lattice rotations. Denoting the renormalized fields by a ‘bar’, they can
be written as [104]

AR = kA AL +07y(Za — DK Z o, A%, (8.85)

D}, =D}, + (ka —1)9,, A“

+07g(Za — ) Z A%, (8.86)
o, Al = D%, (8.87)
G=rkeq—i(Za — 1)k Z a, Ak, (8.88)

where Z, is a diverging renormalization constant of order g*. The oper-
ator subtractions « (Za —1) are suggested by analysis at two-loop order
in the continuum [106]. In the quenched approximation Z, = 1. In the
scaling region

D%, = (my +my)kpyivsiy + 874 2iq + O(a), (8.89)

with my = My — M.. Similar analysis of Ward-Takahashi identities
shows that the vector currents Vf"g need no finite renormalization, Vf’; =
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V;‘g, kv = 1. The reason is that they are conserved if my = m, even for
a # 0.

The implications of the lattice Ward—Takahashi identities can of course
be studied also non-perturbatively. As a first step one can use only ex-
ternal gauge fields with F' = 1 and test the index theorem (8.65), using
topologically non-trivial gauge fields transcribed from the continuum to
the lattice [107, 108]. Adding dynamical gauge fields, we can then also
use the Ward—Takahashi identitites to determine the renormalization
contants & in the quenched approximation [104, 70, 109]. The computa-
tion of the topological susceptibility turns out to be complicated by the
fact that (g,q,) has divergent contact terms that severely influence the
value of ) (7.Q). One can try to subtract this contribution,

1
Xtop = 77 Z(@@,)U — contact contribution (8.90)
zy

(assuming periodic boundary conditions, space-time volume V — 00),
but it is hard to define it unambiguously [110]. In practice it appears
to work well [111]. By ‘cooling’ the gauge fields after they have been
generated by a Monte Carlo process this problem can be reduced further
(see e.g. [112] and also [108]).

A different approach to the topological susceptibility is to accept that
the configurations in the path integral are inherently not smooth func-
tions of space-time and to avoid defining a topological integer from a
collection of wildly fluctuating lattice variables. Instead, one can return
to the physical role played by Xtop and derive the Witten—Veneziano for-
mula entirely within the lattice formulation. This can be done by study-
ing the pseudoscalar meson contribution in the (A*A") and (D*D")
correlators. The analysis is subtle [104] but results in the simple for-
mula

Xiop = L (Te s Sy (U TSy @)y (8:91)

Here S;;(U) is the fermion propagator in the gauge field U and the
trace is over all non-flavor indices (z, a and «). The large-n. limit is
not taken in this derivation, only the quenched approximation. From
this, the formula in terms of ¢ can be understood from (8.87), (8.89),
and ), 9, A" = 0 for periodic boundary conditions. A derivation for
staggered fermions can also be given [113]. The limit m; — 0 is needed
in order to avoid divergencies (this limit must be carefully controlled by
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Fig. 8.2. Correlation between ‘fermionic’ and ‘cooling’ topological charge as-
signments for 32 SU(3) gauge field configurations at § = 6.0. From [117].

taking my at the lower end of a scaling window that extends to zero as
a — 0).

In the two-dimensional U (1) model the properties of (8.91) have been
studied and compared with the index theorem as well as with defini-
tions of xtop in terms of the gauge field only [114, 115]. The staggered
form was explored in numerical SU(3) simulations [116, 117]. Figure
8.2 shows that the individual topological charges obtained with this
‘fermionic method’ are at 3 = 6/g°> = 6.0 already quite correlated to
the charges obtained with the cooling method. This is expected to im-
prove at higher # but at lower § the gauge fields are too ‘rough’ on the
lattice scale for notions of topology to make sense (also, the staggered-
fermion renormalization factor kp becomes uncannily very large [116]).
The resulting xtop ~ (154 £ 17 MeV)?* seems a bit low compared with
the experimental value following from the Witten—Veneziano formula
(180 MeV)*, but this may be due to the somewhat low value a=' =
1900 MeV used for conversion to physical units. Using a=! = 2216 MeV
inferred from the values 1934 MeV (8 = 5.9) and 2540 MeV (8 = 6.1)
recorded in [98] would give xtop &~ (180 £ 20 MeV)*.

By contracting the currents with the n? — 1 SU(ns) generators )\’} /25

we can form the left- and right-handed currents jLIL‘,’gR = (Vi £ A% ) (M) 7o /4
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According to (8.78) and (8.89), these currents and the U(1) vector
current V,, = Zf Vf“ s are conserved in the limit my — 0. Further
Ward-Takahashi identities can be derived to fix renormalization con-
stants and ensure that the currents satisfy ‘current algebra’ [118]. The
corresponding charges would then satisfy the algebra of generators of
SU (ng) x SU(nt), were it not that the symmetry is supposed to be bro-
ken spontaneously. It should also be possible to introduce the QCD
theta parameter (cf. problem (iv)).

From the chiral-symmetry point of view there are now much better
lattice fermion methods. Ginsparg and Wilson made a renormalization
group ‘block-spin’ transformation for fermions from the continuum to the
lattice, paying special attention to chiral symmetry [124]. More recently
such transformations were studied in search of ‘perfect actions’ [125].
The continuum action is chirally symmetric for zero mass parameters
but this symmetry is hidden in the resulting lattice action, because the
blocking transformation to the lattice breaks chiral symmetry to avoid
fermion doubling. Writing the massless fermion action as Sp = —¢)D),
chiral symmetry in the continuum can be expressed as v5D + Dvy; = 0.
On the lattice there is a remnant of this: the blocked D satisfies the
Ginsparg—Wilson relation

v5D + D75 = aD 2Ry D, (8.92)

where we used matrix notation also for the space-time indices; R is
a matrix commuting with 5 that enters in the renormalization-group
blocking transformation. It is local, which means that R,, falls off ex-
ponentially fast as |z — y| — oo (on the lattice scale, in physical units it
resembles a delta function). So D, practically anticommutes with s
for physical separations, provided that it is itself local, as it should be
(this is a basic requirement for universality). Taking (8.92) as a starting
point, one can take R,, = %6“/. Dirac matrices D, satisfying (8.92)
are complicated, because for given z all y contribute, albeit with ex-
ponentially falling magnitude as |z — y| increases. An explicit solution
[126], arrived at via the ‘overlap’ approach to chiral gauge theories (see
next the section), has the form

aD =1-A(ATA)"Y2 A=1-aDw, R=1, (8.93)

where Dyy is Wilson’s lattice Dirac operator with zero bare mass (r = 1,
M = 4/a). Adding mass terms the resulting lattice QCD action has very
nice properties with respect to broken chiral symmetry and topology,
which can be studied again by deriving Ward—Takahashi identities [130].
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Moreover, the resulting action has (for m = 0) an exact chiral sym-
metry [131] under

6 = iwys(1— 3aD) 1, 6 =i(1— taD)w, (8.94)

with infinitesimal wg,. (Note that such a finite chiral transformation is
non-local as it involves arbitrarily high powers of D.) The chiral anomaly
in this formulation comes from a non-invariance of the fermion measure
[131], similar to continuum derivations [132]. Domain-wall fermions [128,
129] are closely related. At the time of this writing the research into
these directions is very active, for a review, see [135]. Applications to
the topological susceptibility can be found in [136, 137].

8.5 Spontaneous breaking of chiral symmetry

We now turn to the question of spontaneous chiral symmetry break-
ing. One would like to compute the expectation value of the order field
Y7 P, at vanishing quark masses and verify that SU (ng) x SU (ns) sym-
metry is broken spontaneously to SU(n¢). As for the O(n) model (cf.
(3.157)), this could be done by introducing explicit symmetry breaking
quark masses and studying the infinite volume limit.

However, with Wilson fermions we cannot simply use &fPL@ZJg as an
order field because the cancelation of the chiral symmetry breaking by
the M and r terms is a subtle issue. Even for free fermions (¢ P1,9,) # 0
at my = My —4r/a = 0: it diverges in the continuum limit (cf. problem
(ii)). The chiral symmetry breaking causes ¢ P9, to mix with the unit
operator, with a coefficient ¢(g?,m)dr, = [co(9?)a™? + c1(g*)ma™2 +
c2(g?)m?a=') s, that diverges in the limit @ — 0 (for simplicity we
assume here all quark masses to be equal). The identification of ¢(g?, m),
and a computation of the substracted expectation value <l/_JfPL1/Jg> —
c(g?,m)ds, in the limit of zero quark mass is a hazardous endeavor,
because several powers of a~! have to cancel out, and moreover, because
the gauge coupling g* also depends on a.

On the other hand, we have seen (section 7.5) that the relation (8.36),
ie. m}, ~ B(ms +my), B = 2v/f2, is borne out by the numerical
results when f # g. So, using this relation, we could define (1)) by
S (sy) = —meBf7, with my = mg = mya — 0, or (Puthy) =
—f2m2 /2m,q. Using renormalized quark masses instead of the bare
myq would give a renormalized B and a correspondingly renormalized
(1hs). Note that myq(1hythy) should be renormalization-group invari-
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ant. Using e.g. myq = 3.4 MeV (the result of [97]), the value of (1),,1,,)
is about (290 MeV)? in the MS-bar scheme on the scale u = 2 GeV.

We may appeal to continuity at any fixed gauge coupling 0 < g < 0o
by sending the symmetry-breaking parameters M and r to zero and
studying spontaneous breaking of chiral symmetry there. Actually, at
r = M = 0 the staggered fermion form (6.66) of the action is more
appropriate and it shows that the Dirac labels are to be interpreted as
flavor indices. At M = r = 0 the symmetry of the action enlarges to
U(4n¢) x U(4ng). Combining the Dirac (a) and flavor (f) indices into
one label A = («, f) the transformation is

1—¢, 1+e,
XAz — (VkBT + VEB 2 ) XBz

XAz = XBa (VEL ! _26”” 4wt 2 +26””> (8.95)
with €, = (—1)®* %4, Moreover, in the scaling region at weak coupling
the staggered-fermion flavours also emerge, implying a further multipli-
cation of the number of flavors by four. With such a large number of
flavors (i.e. 16n¢) and only three colors, asymptotic freedom is lost as
soon as ng > 1 (recall (7.54)) and we can expect continuity in M,r — 0
only if we consider a sufficiently large number of colors n.. Assum-
ing this to be the case we can get analytic insight at strong coupling
[119, 120, 83, 84, 82, 121].

At strong gauge coupling and for a large number of colors the ex-
act continuous symmetry breaks spontaneously as U(4ng) x U(4ng) —
U (4ng), resulting in 16n? NG bosons. The baryons acquire a mass o« nc
from the spontaneous symmetry breaking. Suppose now ng = 3. Turn-
ing on the symmetry-breaking parameters M and r, it is possible to
keep the pions, kaons and eta massless by choosing M = M.(g,r) and
in the process all other NG bosons become massive. We need to keep
M — Mc(g,r) infinitesimally positive to let the order field 1, Py,1, ac-
quire its expectation value in the direction —vdy,, with real positive v.
Otherwise we might induce complex v, which corresponds to non-zero
(rivsthy) and spontaneous breaking of parity [119, 122]. The situa-
tion is similar in the model using continuous time (the Hamiltonian
method), in which the symmetry breaking at strong coupling is actually
U(4n¢) — U(2n¢) xU(2n¢). At non-zero r the U(1) problem is also qual-
itatively resolved by giving the flavor-singlet boson a (small) non-zero
mass [119, 122, 123].

So in this way, connecting with M = r = 0, we can understand
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spontaneous breaking of chiral symmetry in multicolor QCD with Wilson
fermions. However, it is conceptually simpler to study the corresponding
order field for staggered fermions.

The staggered-fermion action (6.67) has for m = 0 a chiral U(1) xU(1)
symmetry, which is (8.95) with phase factors V%! (since there is no
spin-flavor index A to act on). The axial U(1) transformation contained
in this U(1) x U(1), i.e. V¥ = V&* = exp(iw?), is in the staggered-
fermion interpretation [74] a flavor-non-singlet transformation, of the
form exp(iw™&s) with Tr&s # 0. In the scaling region, where the sym-
metry enlarges to SU(4) x SU(4) x U(1)y, this & is a linear combination
of the generators of SU(4). So it is natural to study spontaneous break-
ing of this U(1) remnant of SU(4) x SU(4) chiral symmetry. A suitable
order field for this symmetry is the coefficient of the quark mass m in
the action, i.e. XXz, which together with €, ¥, x, forms a doublet under
the chiral U(1). In the scaling region YzXx» — 2;21 Yp(x)y(x) and
€z Xz Xe — Efg (CIISIPRELMEIR

A definition of ¥ = —(x) in which the quark mass is introduced as a
symmetry breaker, which is to be taken to zero after taking the infinite-
volume limit, as in (3.157) for the O(n) model, is hard to implement
in practice. This can be circumvented by using a method based on
the eigenvalues of the Dirac operator, which we shall denote by D(U),
where U is a given gauge-field configuration. In the continuum D is anti-
Hermitian, D(U) = —D(U)*, and therefore its eigenvalues are purely
imaginary. On the lattice the staggered-fermion Dirac matrix

DU)zayb = Znux[(ny)ab5x+ﬁ,y — (Uya) abOy+,a] (8.96)
o

has the same property (unlike the Wilson-Dirac operator D(U) = XU )+
M — W (U) which is the sum of an anti-Hermitian and a Hermitian ma-
trix). Let u, denote the complete orthonormal set of eigenvectors with
eigenvalues i\,

Du, =i\ u,, u;f,uS = 0ps, Zuru:[ =1. (8.97)
r
The matrix €, = €,0,, anticommutes with D, De = —eD, so
Deu, = —i)\ eu,, (8.98)

and for every eigenvalue A, there is also an eigenvalue —\,.. The expec-
tation value of the order field at finite quark mass, ¥ = —(YzXz), can



214 Chiral symmetry

be written as

=l S bere) = (T (D 4 m) o

1 1 1 1
_ 1 By o1
V<ZiAr+mTr(“’““’")>U V<Zi>\r+m>U

T ”

1 m
Y <Xr: A2+ m? >U' (8.99)

In terms of the spectral density p(\),

1

where n(A + AXNA) = > 0((A + AX = X)8(A, — A) is the number of
eigenvalues of D(U) in the interval (A, A + A)), this can be written as
[138]

=l Jim ) dA () s (8.101)
= mp(0). (8.102)

Here we used the identity lim._,o €/(2? +€*) = 7d(x). Note that p()) de-
pends on the gauge coupling, the dynamical quark mass and the volume
V; it furthermore satisfies p(A) = p(—\) because of (8.98).

The spectral density can be computed numerically by counting the
number of eigenvalues in small bins and figure 8.3 shows an example for
the gauge group SU(2) in the quenched approximation. The quantitity
p(\)/V in the plot is our density p()\) in lattice units, i.e. a®p(\). The
value p(0) may be determined by extrapolating A — 0, it is nearly equal
to the value in the first bin. The resulting a®% drops rapidly from the
value 0.1247(22) to 0.00863(48) as 3 is increased from 2.0 to 2.4 and the
lattice spacing decreases accordingly. Actually, the value 8 = 2.0 is near
the edge of the scaling region on the strong coupling side, while § = 2.4
is more properly in the scaling region® (see e.g. figure 8 in [69]).

The volume dependence of ¥ obtained this way is expected to be
small. This can be made more precise by using scaling arguments based
on a remarkable connection with random-matrix theory (for a review
see [140]). From (8.100) and (8.102) we see that, in the neighborhood
of the origin, p(\) behaves like 1/[VE d(\)], with d(\) the average dis-
tance between two eigenvalues. This observation leads one to define the
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Fig. 8.3. The quenched spectral density in lattice units of the SU(2) sta§gered
fermion matrix for two values of 3 = 4/g” and lattice volumes V' = L*. The
number of gauge field configurations used is also indicated. From [142].

microscopic spectral density [141]

ps(C) = %%%) (8.103)

in which the region around the origin is blown up by the factor XV.
The function ps((¢) is predicted to be a universal function in random
matrix theory depending only on the gauge group and the representation
carried by the fermions, provided that it is evaluated for gauge fields with
fixed topological charge Qop = v. For example for SU(n. > 2) and ny
dynamical fermions it is given by

§(Q) = 5 e = Taer s Qnsnn (O], (8100

where J is the Bessel function. So, by fitting p(*)(\) according to (8.103)
and (8.104) with only one free parameter (X), one obtains the infinite-
volume value of X.

Zero modes corresponding to the index theorem should be ignored
here. This is not easy with staggered fermions as the would-be zero
modes fluctuate away from zero and can be identified only by the ex-
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pectation value of the ‘staggered 5’ (cf. (8.134) and (8.135)) [107, 113,
114, 116].

The prediction (8.104) works well using staggered fermions and SU(2)
[142] or SU(3) [143] quenched (ns = 0) gauge field configurations at rel-
atively strong gauge coupling and selecting* v = 0. The dependence on
the fermion representation and the pattern of chiral symmetry break-
ing is studied for various gauge groups in [144]. A (finite-temperature)
study with n¢ = 2 dynamical fermions is given in [145].

A recent study [146] using related finite-size techniques with Neu-
berger’s Dirac operator (8.93) in quenched SU(3) at § = 5.85 gave the
result a®Y = 0.0032(4). A further non-perturbative computation [147]
of the appropriate multiplicative renormalization factor then allows con-
version value Yy(n = 2GeV) = (270 MeV)? in the MS-bar scheme.

8.6 Chiral gauge theory

In QED and QCD the representation of the gauge group carried by all
left- and right-handed fields is real up to equivalence. For example,
in QCD, let © be the fundamental representation of SU(3). The left-
handed fields are ¢, = P9 and (yrC)T = P, (1»C)T, with C the charge
conjugation matrix (cf. appendix D), while the right-handed fields are
Yr = Pryp and (,C)T = Pr(pC)T. The fields transform as

gr, = Wr, (PrC)T = Q*(PrO)T, left; (8.105)
YR = Qr, (PLC)T = Q*(PLC)T, right, (8.106)

Taking tr, and 9r in pairs, the representation of the gauge group has
the form of a direct sum Q @ Q*, which is real up to the equivalence
transformation Q @ Q* — Q* $ Q.

The fundamental representation of U(1), a phase factor, is evidently
complex, but the fundamental representation of SU(2) is real up to
equivalence: Q* = exp(iwk%ak)* = 09Qo3. It is not difficult to see, e.g.
by looking at the element exp(iwgé)\g), that the fundamental represen-
tation of SU(3) is complex. The adjoint representation of SU(n) is real
for all n.

Chiral gauge theories are models in which the representation of the
gauge group is truly complez (no reality up to equivalence). The Stan-
dard Model, which has the gauge group U(1) x SU(2) x SU(3), is a
chiral gauge theory, as can be seen by looking at the U(1) charges of
the left- and right-handed fields. Since this model is able to describe all
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known interactions up till now, it is evidently desirable to give it a non-
perturbative lattice formulation.t This turns out to be very difficult.

To get a glimpse of the problem, consider a U(1) model with contin-
uum action

Sp = — / de Py (8, — iga A + L = R, (8.107)

assuming for the moment no further quantum numbers (no ‘flavors’).
The fields transform as

’QZJL — eiquwL’ ’QZJR — eiiWQR’QZJR, left (8.108)
Yr — e“Mepp, by, — eIy right, (8.109)

and we see, e.g. from the pair 11, and g, that the model is chiral if the
charges gr and ¢, are not equal. Assuming this to be the case, it follows
that ¢1) = rabr, +PL1Pr is not gauge invariant. Consequently there can
be no mass term for the fermions. We also cannot use P, + Pr = 1 and
eliminate 5 from the action. So the gauge field couples also to an axial-
vector current (there is a term 1/_12'7“751/1Au in the action), instead of only
to vector currents as in QED and QCD. These features are generic for
chiral gauge theories: no mass terms and axial-vector currents that are
dynamical (rather than being just symmetry currents of global chiral
symmetry). With 75 prominent in the vertex functions we may expect
chiral anomalies to play a role. This has been analyzed in perturbation
theory in the continuum, with the conclusion that the above model is
unsatisfactory because gauge invariance is spoilt by anomalies due to
contributions involving triangle diagrams (cf. fig. 8.1)). These problems
can be avoided by extending the model to contain more than one ‘flavor’,
with charges qry and gry, such that the anomalies cancel out between
the different flavors, which requires Y f(ql?:f — qis) = 0. The model
and its representation of the gauge group are then called ‘anomaly free’.
Such considerations played an important role in the construction of the
Standard Model. It was noticed that the anomalies in the lepton sector
could cancel out against those in the quark sector [148, 151]. This is
how the Standard Model is anomaly-free.

We continue with the choice of integer qr, = ¢, gg = 0. With just one
flavor the continuum model is then anomalous. Let us see what happens
if we put the above model naively on the lattice.

t We consider U(1)-neutral right-handed neutrino fields g (and ¥r) as part of the
Standard Model.
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A Euclidean naive lattice action is easy to write down:

SF = - Z % [&I’Y}L(U}LIPL + PR)1/}I+[L - 1/_]z+u7u(UszL + PR)1/}I] )
TH

(8.110)
with a path integral

Z = /D@EDz/;DUeS, (8.111)

in which S = Sg 4+ Sy with Sy the usual plaquette action. The lattice
action and measure are gauge invariant (for the fermion measure this
follows from (8.82) with Vi, = exp(iwg), Vre = 1). In this model
the right-handed ¢r and the left-handed (YrC)T are just free fields,
they are not coupled to the gauge fields. However, the species-doubling
phenomenon induces 16 fermion flavors in the scaling region. What are
the charges of these fermions?

To answer this question consider a fermion line in a diagram with a
gauge-field line attached to it. The corresponding mathematical expres-
sion is

- SP)Vulp,q;k)S(q) -, (8.112)

where S(p) is the massless naive fermion propagator and V,(p, ¢; k) the
bare vertex function for the model (p = ¢ + k). Such vertex functions
have been determined in problem (i) in section 6.6 for the case of QED,
and to get these for the present case we only have to make the substi-
tution gy, — gy, P in (6.99), giving

Vu(p, @ k) = igyu P (€% + €Pr) . (8.113)

To interpret this expression in the scaling region for fermion species A
we use (6.26) and (6.31) and substitute p — k4 +p and ¢ — k4 + g into
(8.112) (k:A = 7TA/a),

o S(ka+p)Viu(ka +pka+q;k)S(ka +q) - (8.114)

_i'7npn - —i%\fb\
:...SL o gwu%(l—e/wg)) 7 +O0(a)| Sa---,

where we used (6.30) and (6.28) for the terms not involving 5 and

EAVLYs = SA’)/M’)/E,SL cos(may)- (8.115)

Using (6.29) we find €4 = +1 for 4 = 7w, €4 = —1 for ma =7, ...,
T4, €EA = +1 for TA = T12, --., T34, €A = —1 for TA = T123, ---, 7234
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and €4 = +1 for m4 = w1234, such that

D ea=1-44+6-4+1=0. (8.116)
A

From (8.114) we conclude that in the scaling region we have eight contin-
uum fields with ¢f*™ =1 (e4 = 1), and eight with ¢f°™ =1 (e4 = —1),
in addition to the uncharged fields: the lattice has produced flavors (the
species doublers) such that the anomalies cancel out.> However, since
all the gfont
It is just QED with eight equal-mass Dirac fermions (plus eight neutral
Dirac fermions).

A natural suggestion for a lattice formulation of the Standard Model is
to give the doubler fermions masses of order of the lattice cutoff through
Wilson-type Yukawa couplings with the Higgs field [119, 149, 150]. Be-
cause the Standard Model is anomaly-free the set of doublers in such a
formulation is anomaly-free too: the set of 15 doublers of some fermion

and ¢g™" are equal, the model is not a chiral gauge theory!

contributes to anomalies with the same strength as this fermion (op-
posite in sign, 3! €4 = —1). Insofar as anomalies are concerned
there is no objection to the decoupling of the doublers. Other objec-
tions [151, 152], namely that masses of the order of the cutoff might not
be possible because renormalized couplings cannot be arbitrarily strong
(triviality is expected to play a role here), do not apply if new phases
come into play. This is indeed the case. On turning on the Wilson—
Yukawa couplings one runs into a new phase, called the paramagnetic
strong-coupling (PMS) phase [153]. Unfortunately, in this phase the
doublers bind with the Higgs field to give right-handed fields transform-
ing in the same representation as the left-handed fields, or vice-versa,
and the result is a non-chiral (vector) gauge theory in the scaling region
[154, 155]. Other models [156] (see also [157]) which can be put into this
Wilson—-Yukawa framework have been argued to fare the same fate [158].
Another approach is to keep the doublers as heavy physical particles in
mirror fermion models [159].

How to formulate a lattice chiral gauge model? This problem is diffi-
cult because of the peculiar symmetry breaking of chiral anomalies. We
want them to be there without interfering with gauge invariance. Nielson
and Ninomiya [160] formulated a no-go theorem that has to be overcome
first. They used a Hamiltonian description (continuous time and spatial
lattice), and, loosely speaking, the theorem states that, under cherished
conditions such as translation invariance, locality and Hermiticity, a
free-fermion lattice model with a U(1) invariance has always an equal
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number of left- and right-handed fermions of a given U(1) charge. The
U(1) is supposed to be contained in the gauge group and the implication
is that the model can be extended only into an interacting gauge theory
that is ‘vector’ and not chiral. A simpler Euclidean formulation is given
in [161]. An extension to an effective action formulation is given in [129)].

The Euclidean reasoning runs as follows. Suppose that we replace
sink, — F, (k) in the naive fermion propagator. This corresponds to
the translation-invariant action of the form (ignoring possible neutral
fields)

Sp = — Zzﬁz’YuPLF'u(m - y)¢ya iFﬂ(k) = Zexp(—ikw)ﬁu(w),

Typ
(8.117)
which has a U(1) invariance 1 — exp(iwq) 1, 1 — exp(—iwq) ). Her-
miticity is easy to state in the Hamiltonian formulation: HT = H.

In the Euclidean formulation we require the spatial part of the action
(u = 1,2,3) to be Hermitian and extend this to u = 4 by covariance.
Then Hermiticity means that F,(z)* = —F,(—z), so F,(k) is real. Lo-
cality means that F,(z) approaches zero sufficiently fast as |z| — oo.
This implies that its Fourier transform is not singular and we shall as-
sume F), (k) to be smooth, i.e. it and all its derivatives are continuous.
If F,,(k) has isolated zeros of first order then the model has a particle
interpretation. Near a zero at k = k,

Fu(k) = Zyuy (kv — k) + O((k — k)?), (8.118)
with coefficients Z,,, forming a matrix Z with det Z # 0. We write
Z =RP, (8.119)

with R an orthogonal matrix and P a symmetric positive matrix. The
matrix R can be absorbed in a unitary transformation,

Yu(1 = 95) Ry = ATy, (1 — ey5)A, e=det R = +1. (8.120)

For e = 1, A is a rotation exp(%wu,,['yu,’y,,]), fore = —1, Aise.g. 74 times
a rotation (cf. appendix D). So for k near k the fermion propagator is
equivalent to the continuum expression
—1YuPu 1 — €5 _ =
S(k)% %T, pH:PHV(k_k)‘” (8121)
which corresponds to a left- (¢ = +1) or right-handed (e = —1) fermion

field.
Now comes input from topology: € is the index of the vector field F), (k)
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of its zero at k = k, i.e. the degree of the mapping F,,/|F| = R,.p./|pl
onto S*. The Poincaré—Hopf theorem states that the global sum of the
indices equals the Euler characteristic yg of the manifold on which the
vector field is defined: Y e = xg. In our case this manifold is the
momentum space torus T#, for which yg = 0. Hence, there must be
an even number of zeros and in the continuum limit we have an equal
number of left- and right-handed fermion fields with the same charge.
The naive U(1) model above is a typical illustration of the theorem.

To avoid these theorems we have to avoid some of their assumptions
(including hidden assumptions). Giving up translation invariance (e.g.
using a random lattice), Hermiticity (e.g. Sp = — Ew Y0¥ Outhz, which
gives the complex F), (k) = (e?*» —1)/i), or locality (e.g. the discontin-
uous Fj, (k) = 2sin(k,/2) (mod 27) has only a zero at the origin but
corresponds to F,(z) falling only like |z|~!) tends to lead to other trou-
ble (for a review, see [162]). The basic reason is that, with an exactly
gauge-invariant action and fermion measure, there can be no anomaly,
which means that it cancels out in one way or another, generically with-
out the desired particle interpretation.

One line of approach is to give up gauge invariance at finite lattice
spacing by working in a fixed gauge and adding counterterms such that
gauge invariance is restored in the continuum limit [163, 164]. How-
ever, non-perturbative gauge fixing has its own complications, not least
the existence of Gribov copies, i.e. configurations differing by a gauge
transformation satisfying the same gauge condition. A gauge-fixed U (1)
model appears to have passed basic tests [166]. For a review see [168].
One may try to keep the fermions in the continuum, or on a finer lattice
than the gauge-field lattice, and invoking restoration of gauge symme-
try by the mechanism of [167]. See [168] for a review. Gauge symmetry
restoration was also invoked in models gauging non-invariant models,
using Wilson fermions or gauging the staggered flavors [162, 169] but it
failed in its simplest realization [170]. Further information can be found
in the reviews presented at the Lattice meetings [171].

New developments that constitute a major advancement can be clas-
sified under the heading ‘overlap’ and ‘Ginsparg—Wilson’ fermions. The-
orems of the Nielson—Ninomiya type are avoided by having an infinite
number of fermion field components (‘overlap’), and changing the defi-
nition of s, such that it is as usual for ¢ but for 1 it involves replacing

s by

45 = v5(1 — aD), (8.122)
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where D is a Ginsparg—Wilson Dirac operator, together with an elabo-
rate definition of the fermion measure in the path integral (apparently
giving up Hermiticity on the lattice) [172]. The subject is beautiful
and erudite and the reader is best introduced by the reviews [173, 174]
(‘overlap’) and [175] (‘Ginsparg—Wilson’). One may feel uncomfortable,
though, about using formulations with an infinite number of field com-
ponents; it runs contrary to the basic idea of being able to approach
infinity from the finite.

8.7 Outlook

There is of course a lot more to lattice field theory than has been pre-
sented here. An introduction to finite temperature can be found in [9].
Simulation algorithms are introduced in [4, 10]; improved actions and
electroweak matrix elements are discussed in [14, 15]. See also [16] for
advanced material. For an introduction to simplicial gravity® see [17].
Non-perturbative lattice formulations of quantum fields out of equilib-
rium are still in their infancy.” For the current status of all this, see the
proceedings of the ‘Lattice’ meetings.

8.8 Problems

(i) The pion—nucleon o model
Consider an effective nucleon field N that is a doublet in terms
of Dirac proton (p) and neutron (n) fields

N(z) = (Z((i; ) . (8.123)

The effective action of the pion—nucleon sigma model is given by
Sep = — / 'z [NY"8,N +GN(¢Pr + ' PL)N]+So ), (8.124)

where Sp(4) is the scalar field action of the O(4) model (equations
(3.1) and (3.4)) and ¢ is a matrix field constructed out of the
scalar fields,

3
p=¢"L+iy o' (8.125)
k=1

The 73, are the three Pauli matrices, which act on the p and n
components of N and G is the pion—nucleon coupling constant.
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Show that the action is invariant under SU(2) x SU(2) trans-
formations

N VN, NNV, ¢=WeVi, VigeSU2). (8.126)

Verify that the transformation on the matrix scalar field ¢ is
equivalent to an SO(4) rotation on the ¢®. Hint: check that
oto = Y21, det ¢ = ?; and hence that ¢ may be written as
¢ =\p2U,U € SU(2).

This chiral invariance of the sigma-model action is a nice ex-
pression of the symmetry properties of the underlying quark—
gluon theory. When the symmetry is spontaneously broken, such
that the ground-state value of the scalar field is ¢, = f1L, f = gag,
the action acquires a mass term G f NN: the nucleon gets its mass
from spontaneous breaking of chiral symmetry, my = Gf. This
relation is in fair agreement with experiment. On introducing
the weak interactions into the model one finds that f equals the
pion decay constant, f = f, ~ 93 MeV, while G & 13 from pion-
nucleon-scattering experiments, so with my = 940 MeV we have
to compare my/f ~ 10 with 13.

The field ¢° is often denoted by o, and ¢* by 7*, the sigma and
pion fields. The pions are stable within the strong interactions but
the o is a very unstable particle with mass m, in the range 600
1200 MeV. Given m, = 140 MeV and m, = 900 MeV, determine
the other parameters in the action.

Reanalyze the model in ‘polar coordinates’ ¢ = pU, U € SU(2)
with p a single component scalar field. Note that p plays the role
of the matrix field H introduced in (8.19). What is its mass?

In sections 8.1 the effective field ¢ is a general complex 4 x 4
matrix, which has eight independent real parameters, whereas the
above ¢ has only the four real p®, which cannot incorporate chiral
U(1) tranformations. Verify this, and work out a generalization
in which ¢ has the general form. (Include in the action terms
that break chiral U(1).)

Free fermion (Yn))
Consider free ‘naive’ fermions on the lattice (one flavor). Show
that

S= () =a® /ﬂ d'k dam (8.127)

_x (2m)* a2m? + > sin® k,,”
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and that it has the expansion
Y =cima 2 +mPezIn(am) + 5]+ - -, (8.128)

where the -- - vanish as ¢ — 0. Hint: use (3.66).
Now consider free Wilson fermions. Show that for this case the
expansion takes the form

¥ = coa *+eima A +eomPa +mP[ez In(am)+ch]+- -+, (8.129)

where m = M — 4r/a. Find expressions for the coefficients c¢.
Research project: the index theorem
Go through the following formal arguments:

In the continuum, let D = v,[0, —iG,(x)] be the Dirac opera-
tor in an external gauge field G, in a finite volume with periodic
(up to gauge transformations) boundary conditions. Consider the
divergence equation for the flavor singlet axial current

0, in s = 2mabivysy + 2ig, (8.130)

where we assumed that there is only one flavor. Taking the
fermionic average and integrating over (Euclidean) space-time
gives

0=—2mTr[ys(m + D) '] + 2iv, (8.131)

where the trace is over space-time and Dirac indices and v = Qyop
is the topological charge.

Verify that iD is a Hermitian operator, (iD)f =iD.

Let fs be the eigenvectors of D with (purely imaginary) eigen-
values i)\,

Dfs - Z'/\sfsa D’)/st - _iAs’Yst; (8132)
and assume the eigenvectors to be orthogonal and complete,
fifr=0u, > fufi=1 (8.133)
8§

Because f; and ~sfs correspond generically to different eigen-
values,

s =0, A #0. (8.134)

For Ay = 0, [D,vs]fs = 0, so in this subspace we can look for
simultaneous eigenvectors of D and 75. The eigenvalues of ;5 are
+1,

Y5fs = £fs,  As =0. (8.135)
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It follows that

V:mzw: Z f;r'Yst:TLJ,_—TL_, (8.136)

m + i et

with ni the number of zero modes with chirality v = +1.
Peridocity modulo gauge transformations is needed in order to

allow non-zero topological charge. For the proper mathemati-

cal setting in the continuum, see e.g. [12]. Lattice studies using

Wilson and staggered fermions are in [107, 108, 114, 115, 90],

while [135] gives an introduction to Ginsparg—Wilson fermions.

Choose one of these studies and reproduce (and possibly extend)

its results.

Research project: the theta parameter of QCD

Consider the QCD action with generalized mass term

/d4m P'my’,  m =myP, +m) Pg, (8.137)

in which my, is a fairly arbitrary complex matrix. Assume that it
can be transformed into a diagonal matrix by the transformation

VLTmLVR = Mdiag = diagonal with entries > 0. (8.138)

Suppose this transformation is the result of a chiral transforma-
tion on the fermion fields (cf. (8.2)),

W=V, P =gV, (8.139)

In continuum treatments the fermion measure is not invariant
under such a transformation, but is produces the chiral anomaly
in the form [132]

D' DY’ = DDy S 424 g = arg(detmy).  (8.140)

So in terms of the un-primed fermion fields we have an addi-
tional term in the (Euclidean) action proportional to the topo-
logical charge,

S=- / d'z {éﬂ (GuwG ) + 0yuD it + Pmgiagth — ieq] :
(8.141)
The original mass m may be the result of electroweak symmetry
breaking. Experiments constrain the value of 8, which violates
CP invariance, to be less than 10~ in magnitude.
Our problem is to give a rigorous version of the above reasoning
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using the lattice regularization. With Wilson’s fermion method
the following steps get us going.

Consider the fermion determinant exp[Tr In() — W + M)],
where M is arbitrary. In the scaling region M is close to the
critical value M,; if not, then there is no continuum physics. So
assume that M = M, + m, with M, oc r1l and m arbitrary as in
the above continuum outline. With Wilson’s fermion method the
fermion measure is invariant under chiral transformations and the
anomaly comes from the non-invariant term (W — M)y in the
action. So we have

TrIn(P—W + Mc +m)] = T {In[D+ V (M, — W)V + Mmgiag]}-

(8.142)
To evaluate this consider a change 6V of V. Then the above
expression changes by

Tr {[§V(Mo~W)V+V (Mec—W) SV|[D+V (Mo —W)V +miag] " }-

(8.143)
Expanding this expression in terms of the gauge field leads to an
infinite number of diagrams with external gauge-field lines im-
pinging upon a closed fermion loop. The crucial point is now
that the factor M. — W in the numerator above suppresses the
region of loop-momentum integration where mgiag has any influ-
ence. For example in momentum space at lowest order, M.—W —
ra=ty ,[1 —cos(ak,)], and we therefore need a loop momentum
k of order a™" >> mgiag to give a non-vanishing contribution. See
[70] for an explicit computation of the triangle-diagram-like con-
tributions. So we may as well set mgiag = 0 in (8.143). Then
(8.143) can be rewritten in the form

Te [V 6V (M — W)(D+ M, — W)™
+VV YD+ M. — W) (M, — W)] (8.144)
=Tr[(VL, 6V ' = Va6V ) vs (Me — W)(D+ M. — W)™,
where we used the fact that ), M. and W are all flavor diagonal,
and the cyclic property of the trace. Denoting the trace over

space-time plus Dirac indices (excluding the flavor indices) by
Trg, we have the result [70, 133, 134]

Trg [v5 (Mo — W)(D+ Me = W)™ = Qrop, @ — 0. (8.145)

Note that this result is independent of the r parameter [70], as
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long as it is non-zero. The coefficient of Q¢op is given by

Traavor (Vi 0Vy ' =V 6V ') = dln[det(VRV; ')] = i Sarg(det my,).

(8.146)
So one concludes that in the continuum limit,
exp{Tr In(P+ M. — W +m)]} (8.147)
= ¢0Qrop exp{Tr In(P+ M. — W + maiag)]},
0 = arg(det my,), (8.148)

which is equivalent to the continuum result.

By taking the continuum limit we have happily been able to
ignore finite renormalization factors k (k = 1+ O(g?) — 1, g% is
the bare gauge coupling).

The problem with the above reasoning, taken from [149], is how
to improve it such that it applies in a practical scaling region with
g® not much less than 1.



Appendix A
SU(n)

A.1 Fundamental representation of SU(n)

In the following appendices we record some properties of the representa-
tions of the group SU(n). First we review the construction of a complete
basis set of Hermitian traceless n X n matrices, similar to the n = 2,3
examples. We shall denote these matrices by A\g, k = 1,2,..., n2 — L.
The symmetric off-diagonal matrices have the form

(Ak)ab = 5am5an + 5bm6an k< {m, ’TL} (Al)
and the antisymmetric matrices are given by
(Ak)ab = Z.(((sam(stm - 6bm6an); (A2)

where a,b,m,n = 1,2,...,n, m > n. The non-zero elements of the
diagonal matrices may be taken as

2
(Mt)aa = e a=1,...,m, (A.3)
2
=\ s a=m+1, (A4)

where m = 1,2,..., n — 1. We add the multiple of the unit matrix

o = \/g 1, (A.5)

such that the £k =0,1,..., n?> — 1 matrices form a complete set of n x n
matrices. They satisfy

e = AL (A.6)
Tr (A A1) = 20k, (A.7)

228
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and either \, = )\;f =Ajor Ap = —/\E = —Aj. An arbitrary matrix X
can be written as a superposition of the \’s,

X = X, (A.8)
Xk - %Tr (X)\k) (Ag)
For instance
Ak AL = Agim A, (A.10)
Akim = 5 Tr X Am)- (A.11)
Let
Akim = dgim + i frim, (A.12)

where dg;,, and fi, are real. Then
diim = 2 Tr (AN + MAAL) = 2 Tr McNAm + A AT AL)
= % Tr (/\k)\l)\m + /\m/\l/\k) = i Tr (/\k/\l/\m + /\l/\k/\m)
= % Tr ({>\kh>\l}>\m)7 (A.13)

and similarly,
i foim = 2 T ((Aes M) Am)- (A.14)
These representations of the d’s and f’s and the cyclic properties of the
trace imply that dg;, is totally symmetric under interchange of any of
its labels. Likewise fgim, is totally antisymmetric. Hence, (A.10) and
(A.12) imply
[Mes At] = 20 frimAm, (A.15)
{Aks M} = 2dkim Am. (A.16)

We note in passing that

2 2
Ao = \/;Az = doim = \/;f»m, form =0. (A.17)

A standard choice for the generators ¢ of the group SU(n) in the
fundamental (defining) representation is given by

tk:%Aka k‘:l,?,...,nQ—l. (Alg)

In the exponential parametrization an arbitrary group element can be
written as

U = exp(ia*ty), (A.19)
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where the o* are n? — 1 real parameters. From their occurrence in the
commutation relations

[tk ti] = i frim tm, (A.20)

the fr;m are called the structure constants of the group.

Next we calculate the value Cy of the quadratic Casimir operator
txtr in the defining representation. For this we need a useful formula
that follows from expanding the matrix Xlgzd) = 20440 in terms of
(Ak)ab. According to (A.8) and (A.9) we have the expansion coefficients
X,E:Cd) =Tr (X(Cd)/\k)/Z = 6ad6bc(>‘k)ba = (Ak)cd; hence,

(Ak)ab (Ak)ea = 20adbe, (A.21)

where the summation is over £k = 0,1,..., n?> — 1 on the left-hand side.
It follows that

() (t8)ea = § Adas(Me)ea — 7 (Aoas (o)

1 1
- 5 6ad6bc - % 6ab6r:d (A22)

(note that k = 0 is lacking for the t;). Contraction with d. gives

1 1
(tktk)ad = B (TL — E) Oad = C3 044, (A.23)
or
1 1
fund _ — =
cyne = 5 (n n> . (A.24)

For n = 2, Cfwmd = % which is just the usual value j(j+ 1) for the j = %
representation of SU(2).

A.2 Adjoint representation of SU(n)

The adjoint (regular) representation R is the representation carried by
the generators,

U't,U = Ryt;. U € SU(n). (A.25)

Note that Tr (Utt,U) = Trt;, = 0, so that Ut U can indeed be written
as a linear superposition of the t;. By eq. (A.9) we have the explicit
representation in terms of the group elements

Ry = 2Tr (Ut Ut). (A.26)
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We shall now calculate R in terms of the parameters o of the exponen-
tial parametrization of U. Let

Uly) = exp(iyaPty), Ru(y) =2Tr (U (y)tU(y)t). (A.27)
Then
0 )
o Ry (y) = —ia® 2Te (U (y)[tp, te]U ()t1)
= apfpkn2 Tr (UT (y)tnU(y)tl)
= iap(Fp)kanl, (A.28)
where
(Fp)mn = _ifpmn- (A.29)
In matrix notation (A.28) reads
55 R) = i0” F,R(y), (A.30)

which differential equation is solved by
R(y) = exp(iya? Fp), (A.31)
using the boundary condition R(0) = 1. Hence,
R = exp(ia? Fy), (A.32)

and we see that the F}, are the generators in the adjoint representation.
By the antisymmetry of the structure constants we have

F,=-F;=-F), (A.33)

p
and it follows that the matrices R are real and orthogonal,
R=R*, R' =R (A.34)

Notice that the derivation of (A.28) uses only the commutation relations
of the generators, so that we have for an arbitrary representation D(U)

D(U)'TxD(U) = RuT, (A.35)

where the T} are the generators in this representation D.
Next we calculate the value of the Casimir operator in the adjoint
representation, F},F},, using the results of the previous appendix:

(Fpr)km = ifkpliflpm
= 4T (trtyt)) i fipm = STr (tytity) Tr ([tm, ti]t,)
= 8(tp)ab(tltk)ba [tm: tl]dc(tp)cd- (A.36)
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With (A.22) for (¢,)ap(tp)ca, this gives
(FpFp)km = 4Tr (titg[tm, ti]), (A.37)
and using (A.22) again and #;t; = [(n? — 1)/2n]1 gives finally
F,F,=nl, C3¥=n. (A.38)

The matrix Si(a) introduced in (4.41) can be calculated as follows.
We write D(U(«)) = D(a) and consider (4.42),

M(y) = D(ya)D(ya +ye) ™' =1 — ik Sip(a) + O(e®)  (A.39)
_ ot T (e T (A.40)
Then

ay M(y) = D(ya)[ia* Ty, —i(a* + )T D(ya + ye) !

= —ie*D(ya)Tp D(ya) ! + O(€?)

= —ie" R (ya) Ty + O(€?). (A.41)
This differential equation can be integrated with the boundary condition
M(0) = 1, using R™!(ya) = exp(—iya), a = oP F),
1— e e

M(y)=1- iek( — )kl T, + O(e?). (A.42)

Setting y = 1 we find Sj () = Ski()T; with
1—e e

Ski(a) :( - )kl, a = aPF,. (A.43)

We end this appendix with an expression for Tr T7; in an arbitrary
representation D. The matrix
Iy = Tr (TwTh) (A.44)
is invariant under transformations in the adjoint representation,
Ry Ry Iyep = Te (D™ 'TwD DT} D) = Iy. (A.45)
By Schur’s lemma, I; must be a multiple of the identity matrix,
T = p Ok (A.46)
Putting £ = | and summing over k gives the relation

(n? — 1)p(D) = Cy(D) dimension(D). (A.47)
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For the fundamental and adjoint representations we have

Pfund = %) A48)
Padj = - (A.49)

—~

A.3 Left and right translations in SU(n)

Let Q and U be elements of SU(n). We define left and right transfor-
mations by

U'(L) =QU, U'(R)=UQ, (A.50)

respectively, which may be interpreted as translations in group space,
U — U'. In a parametrization U = U(a), Q = Q(p), this implies
transformations of the a’s,

a'* (L) = fk (a; ®s L): (A51)

and similarly for R. We shall first concentrate on the L case. For Q near
the identity we can write,

Q=14ip"tm+---, (A.52)
a*(L) =a* +¢omSk (a, L)+, (A.53)
0
Skm(avL) = %fk(a,%L)w:o- (A54)

The S*  («, L) (which are analogous to the tetrad or ‘Vierbein’ in Gen-
eral Relativity) can found in terms of the S, («) as follows,

U'(L)=(1+ip"ty +--)U, (A.55)
0 oU da*
tmU = —i U= i
¢ a(pm lo=0 t Oak 6(pm =0
. oU
Differentiating UUt = 1 gives
ou out
daF = U par U (4.57)
and using this in (A.56) we get
. out % %
tmU = iU Sk US* (a,L),= Si(a, L)U S",,(c, L), (A.58)
where
i
Se(an)=iv 2 (A.59)

Oak
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is the Sy, introduced earlier in (4.41). The factor U can be cancelled out
from the above equation,

tm = Sp(a, L) S* (a, L). (A.60)

We have already shown in (4.43) that Sy is a linear superposition of the
generators, Sy (a, L) = Sgn(a, L)t,, so we get

tm = tnSkn(a, L)S (a, L) (A.61)

or
Omn = Skn(a, L)S* (a, L). (A.62)

Thus S*  (a, L) is the inverse (in the sense of matrices) of Sy, (a, L).
Introducing the differential operators

0
_ ok
X (L) =5",(a, L) ok (A.63)
we can rewrite (A.56) in the form
X (L)U = tU. (A.64)

It follows from this equation that the X,,(L) have the commutation
relations

[Xm (L), Xn(L)] = =i franpXp(L). (A.65)
These differential operators may be called the generators of left transla-
tions.
For the right translations we get in similar fashion
oUu

Ut = —iz— Sk (o, R) = USk(a, R)S* (a, R)(A.66)

oUu

— ot
Sk(CK,R) = iU W

= U'S(a, L)U = Sgn(e, L) Ut U

= Skp(a, L) Rpntn, (A.67)

Sk(a, R) = Sin(a, R)ty, (A.68)
Skn(c, R) = Skp(a, L)Rpp, (A.69)

Smn = Skn(a, R) S*,,(a, R), (A.70)

X.(R) = 5* (a, R)%, (A.71)

X (R)U = Utyy, (A.72)
[Xm(R), Xpn(R)] = +ifmanp(R) (A.73)
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The left and right generators commute,
[Xom (L), Xn(R)] = 0, (A.74)

which follows directly from (A.64) and (A.72), and their quadratic Casimir
operators are equal,
X2(L) = Xm(L)Xm(L)a X2(R) = Xm(R)Xm(R)a (A'75)
X2(R)U = Utypty = CoU = tptnU = X*(L)U. (A.76)
The differential operator X2 = X2(L) = X2(R) is invariant under coor-
dinate transformations on group space and is also known as a Laplace—
Beltrami operator.

Finally, the metric introduced in (4.91) can be expressed in terms of
the analogs of the tetrads,

gkl(a) = Skp(a, L)Slp(a, L) = Skp(a, R)Slp (a, R), (A.77)
Skpla, L) = gkl(a)Slp(a,L), Skpla, R) = gkl(a)Slp(a,R).(A.78)

For a parametrization that is regular near U = 1 (such as exp(ia¥ty)),
U =1+id*t + 0(a?), (A.79)

it is straightforward to derive that

Skp(a,L) = 5kp — % fkplozl + O(Oéz), (A.80)
Sk (, R) = 0pp + % frpc! + O(a?), (A.81)
gri(@) = 0y + O(a?). (A.82)

A.4 Tensor method for SU(n)

It is sometimes useful to view the matrices U representing the fundamen-
tal representation of SU(n) as tensors. Products of U’s then transform
as tensor products and integrals over the group reduce to invariant ten-
sors. It will be useful to write the matrix elements with upper and lower
indices, Uqp — Ug'. We start with the simple integral

/ dU Uy Ul» = IY. (A.83)

By making the transformation of variables U — VUWT, it follows that
the right-hand side above is an invariant tensor in the following sense:

a a 7 b/ a/ ’
Ly =vewhviewfr b (A.84)
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Here V and W are arbitrary elements of SU(n) and similarly for their
matrix elements in the fundamental representation and their complex
conjugates VT and WT. We are using a notation in which matrix indices
of U are taken from the set a, b, ¢, d, ..., while those of UT are taken
from p, g, r, s, .... Upper indices in the first set transform with V',
upper indices in the second set transform with W; lower indices in the
first set transform with W1, lower indices in the second set transform
with VT, as in

U s vawitug Ul s wrviiulr (A.85)

This notation suffices for not too complicated expressions.

Returning to the above group integral, there is only one such invariant
tensor: Iy = cdydy, which is a simple product of Kronecker deltas. The
constant ¢ can be found by contracting the left- and right-hand side with
dy, with the result

1
/ dUUUP = — 5707, (A.86)

Invariant tensors have to be linear combinations of products of Kro-
necker tensors and the Levi—Civita tensors

€M% = +1, even permutation of 1,...,n

= —1, odd permutation of 1,...,n, (A.87)
and similarly for €g,,...q, , etc. They are invariant because
Vaa,l1 = -Va“,lleal"'“" =det Vet on, (A.88)

These tensors appear in

1
/dU Up' - Upr = o €M ey Ly, (A.89)
]‘ T Sa1 QAn
== > (UL g (A90)
" perm 7

The coefficient can be checked by contraction with €q,...q, -

In writing down possible invariant tensors for group integrals we have
to keep in mind that, according to (A.85), there can be only Kronecker
deltas with one upper and one lower index, and furthermore one index
should correspond to a U and the other index to a U', i.e. the should
be of the type J, or d%7. It is now straightforward to derive identities for
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integrals of the next level of complication:

/dU UpUSUS =0, n >3, (A.91)
afrrc T 1 afsc T a $C ST
/ dUUSUGUPUL" = —— (53050703 + 0303076) (A.92)
1

T aECD (62050805 + 03050564) , n > 2.
Note the symmetry under (a,b) < (¢,d) and (p,q) < (r,s) in (A.92).
The coefficients follow, e.g. by contraction with 4. By contracting
(A.92) with the generators (t1)3(t;)¢ we get an identity needed in the
main text:
a 2 a
/ AU VRUPPR(U) = —— (0], > 2. (A.93)

where Ry (U) is the adjoint representation of U (cf. (A.26)).



Appendix B

Quantization in the temporal gauge

Gauge-field quantization in the temporal gauge in the continuum is often
lacking in text books. Here follows a brief outline. Consider the action
of SU(n) gauge theory,

1 1%
S = _/d%; GG, (B.1)
The stationary action principle leads to the equations of motion
D,G"? = 0,G"P + fp, GLG"" = 0. (B.2)

where D,, is the covariant derivative in the adjoint representation. Note
that we are using a Minkowski-space metric with signature (—1,1,1,1),
e.g. G = —G"P = —G¥ . The Lagrangian is given by

L(G,G) = /d% (%gz,agnc:gn - %fonntnn) , (B.3)
where
Gh =GP — 0,G + frnGLGT, (B.4)
and the canonical momenta are given by

oL

5C
oL 1

The fact that L is independent of Gg and consequently the canonical
momentum of G} vanishes is incompatible with the presumed canonical

Poisson brackets (G2, TI4) = 6,,0(x — y), unless we eliminate G% as
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variable by a choice of gauge. This is the ‘temporal gauge’
GH=0. (B.7)

The Hamiltonian in the temporal gauge is given by

H(G,TI) = /d%nfnc':fn - L

2
g 1
_ / P (;anﬂfn + 4—92ngng> . (B8

However, one does not want to lose the time component (v = 0) of the
equations of motion (B.2). In canonical variables this equation reads

TP = 0P, + £y G4 IT7, = 0, (B.9)

and we see that it does not contain a time derivative. It is a constraint
equation for every space-time point. Imposing it at one time, the ques-
tion arises whether it is compatible with Hamilton’s equations.

Let us address this question directly in the quantized case, assuming
the canonical commutation relations

(G2, (), TI8 ()] = 8pu0(x — y),  [GR,(x), G ()] = 0 = [II2, (), TT% (y)]

(B.10)
Now it is straightforward to check that the 77 defined in (B.9) generate
time-independent gauge transformations, e.g. QTG;”nQ = infinitesimally
gauge-transformed G2, , where Q = 1+ [ d®z wP(x)7?(x) + O(w?). The
Hamiltonian is gauge invariant,

[TP,H] =0, (B.11)

and the constraints are compatible with the Heisenberg equations of
motion. A formal Hilbert-space realization of the canonical comutation
relations (B.10) is given by the coordinate representation

(G167, (1) = G2, (G ), (B12)
(G5, (%) = o (G, (B.13

with wave functionals ¥(G) = (G|¥). Unlike quantization in other
gauges, there are no negative norm states here, but physical states have
to be gauge invariant,

TP (%) |¥)pnys = 0. (B.14)

Such states can be formally written as a superposition of Wilson loops
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and this is useful for analytic calculations at strong coupling (on the
lattice, of course, to make it well defined), but not at weak coupling.
Finally, the analogy with QED may be stressed in the notation by

writing
EP = éaﬂfw = —gll?,, BP= %lemem, (B.15)
in terms of which
H = /d% (1E* +1B?). (B.16)

In case other fields are present, there are additional contributions to 7P
that act as generators for these fields, e.g. for QCD, p, = %" A,1)/2, and
(B.9) becomes the non-Abelian version of Gauss’s law:

DyEY = gpp. (B.17)



Appendix C

Fermionic coherent states

In this appendix we derive the field representation for fermion operators.
In the Bose case the field representation was just the coordinate repre-
sentation which is also much used in quantum mechanics. For Fermi
operators the analog leads to the so-called Grassmann variables. This
means that the Fermi operator fields 1/3(3:) will be represented by ‘num-
bers’ ¢ (x), which have to be anticommuting. As this might not be so
familiar, we shall first describe how this works.

Consider the quantum Fermi operators satisfying the commutation

relations

{an, @} =0, {a},al} =0, {ar,a]} = ou, (C.1)
where {4, B} = AB + BA. In the following we shall consider a finite
number n of such operators, k= 1,2,...,n. (In the continuum limit of

a fermionic lattice field theory n — oo ). It is sometimes convenient to
use the 2n equivalent Hermitian operators

af = (ax +a})/V2, 6} = (a —a})/iV2, (C.2)
with the commutation relations
{aﬁ,&?} = 6pq6kl, p,q = ].,2. (03)

The non-Hermitian operators are used more often.

It is clarifying to look at a representation in Hilbert space. For n =1
we have the ‘no-quantum state’ |0) which is by definition the eigenstate
of @ with eigenvalue 0, @|0) = 0, and the one-quantum state |1) obtained
from |0) by the application of af, [1) = af|0). Further application of af
on |0) gives zero, since (af)? = 0 because of (C.1) (note that [1) is the
‘no-quantum state’ for a'). So a pair of Fermi operators (a, a') can be
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represented in a simple two dimensional Hilbert space,

|0y — <(1)), 1) — (é), a— ((ljg), al — (8(1)) (C.4)

For n > 1 we can take a tensor product of these representations. A basis
in Hilbert space is provided by

by k) =af, - af 0), p=1,...,n, (C.5)

with the properties

"1
ZH Z Ky - kp) (k- kp| = 1, (C.6)
p=0"" ki-kp

Y N Y A (C.7)
where
ki--kp _ ™ Sk1 kp
511---zq - Z (=1) 5fr11"'57rzp- (C.8)
permr~

An arbitrary state |¢)) can be written asf

) = v(ah)|o), (C.9)
pat) = Z%zﬁkl...k,,&zl SO (C.10)
p=0""

where 9p,...k, is totally antisymmetric in k; ---k,, and we sum over
repeated indices unless indicated otherwise. An arbitrary operator A
can be written as

~ 1 . v .
4= Z p!_q!Aklmkp’ll'"lqaLl T (],Lp(llq T Qg (C]']-)
pq

where all creation operators are ordered to the left of all annihilation
operators. This is called the normal ordered form of A. A familiar
example is the number operator

A

N = alay, (C.12)
which has eigenvectors |k; - - - k) with eigenvalue p. Note that Ag, .., 1,..1

t Recall that repeated indices are summed, i.e. wkl"‘kpa’};l.“a’.};p =

n n AT At
Zk1:1 o 'ka:1 1/}k1"'kpak1 cr Oy,

q
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is in general not equal to (k; - -- k,|A]l; - - -1,). Note also that the coeffi-
cients A, ...k,,1,-.-1, may themselves be elements of a Grassmann algebra,
e.g. A = ¢fay + al.c, with anticommuting ¢ and ¢*.

Suppose now that there are eigenstates |a) of the a with eigenvalue
ag- Then it follows that the a, have to be anticommuting:

AR = —aag. (013)
To see this, assume
&kal = Galflk, (014)
with € some number # 0. Then
dk&l|a> = dkal|a> = eal&k|a) = ealak|a)
= —Giaila) = —eagay|a). (C.15)
Hence (C.13) has to hold. The aj cannot be ordinary numbers. Assum-
ing ay|a) = +|a)ay leads to
ararla) = aglaya; = agla)a; = apaila)
= eqai|a) = eqag|a), (C.16)
and it follows that
€e=—1. (C.17)

So the ‘numbers’ ay have to anticommute with the fermionic operators
as well.

We also introduce independent conjugate anticommuting az, assume
these to anticommute with the a; and the Fermi operators, and impose
the usual rules of Hermitian conjugation,

ar 5 al, ar > af, la) B (al, (alal = (alal, (C.18)
apa 4 afaf, {af,af}=0. (C.19)

The anticommuting a;r are on the same footing as the ay.
The ay and a;r together with the unit element 1 generate a Grassmann
algebra. An arbitrary element f of this algebra has the form

1
fla®,a) = foo+ f/c,oa;r + fouar + gfklkz,oagag
+ frgafar+ 4 fromional o afan - can,

(C.20)
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where the f’s are complex numbers.

We have extended Hilbert space into a vector space over the elements
of a Grassmann algebra. The a; and a;l' are called Grassmann vari-
ables and f(a™,a) is called a function of the Grassmann variables. This
nomenclature could be somewhat misleading — the generators a; and az
are fixed objects and it is only the indices ‘k’ and ‘+’ that vary. However,
we will also be using other generators by, b:, Ck, - .., and so effectively
we draw elements from a Grassmann algebra with an infinite number of
generators. It is straightforward to construct a matrix representation of
these generators, but this does not seem to be useful because the rules
above are sufficient for our derivations.

We now express the |a) in terms of the basis vectors (C.5). The state
|a) is given by

la) = e~ *4k|0). (C.21)

Indeed, since (ay)?=0,

ekl _ He—akak H 1— akak (C.22)
k

and using ay(1 — akdl)|0> = akddeO) = a|0) (no summation over k)
gives

axla) = {Ha - alab] ar (1 — axa)|0) = {Ha —azab] ax|0)
[ J [ J
= ay|a). (C.23)

Note that a; commutes with pairs of fermion objects, e.g. [ax, a;af,] = 0.
Two states |a) and |b) have the inner product

(alb) = (0](1 — aray) -+ (1 — anaf) (L — bnal) -+ (1= bral) o)
H 1+ afby)
k

e, (C.24)

where
atb = afby. (C.25)

We would like a completeness relation of the form

1= /da+ da %. (C.26)
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For n =1 this relation reads
1= 10)(0] + a'l0)(0|a
- /da+ da (1 — a*a)(1 — aah]0)(0[(1 — aa™)

- /dcﬁ da[(1 = a*a)[0)(0] — aa']0)(0]
+ a™)0)(0]a + aa*at|0)(0la], (C.27)

which is satisfied if we define the Berezin ‘integral’:

/da:O, /da+:0, /daa:l, /da*a+ =1, (C.28)

where da and da™ are taken anticommuting. For general n we define

da = day ---da,, da* = da} ---daj, (C.29)

/dak =0, /dak ap = 1,/da;l' =0, /da+ af = (C.30)

(no summation over k; anticommuting da’s and da*’s). The integral
sign symbolizes Grassmannian integration, which has some similarities
to ordinary integration (and differentiation, see (C.42)). Cumbersome
checking of minus signs can be avoided by combining every daj with
da; into commuting pairs, as in the notation

n
da™ da = [[ daj} dax, (C.31)
k=1
which we shall use in the following. Similar pairing will be done repeat-
edly in the following.
We check the completeness relation (C.26) for general n by verify-

ing that it gives the right answer for an arbitrary inner product (¢|@).
Multiplying (C.9) by (C.26), we get

) = /da+ dae " *(a™)|a), (C.32)
W(a®) = (aly) = Z Wk O (C33)

The inner product takes the form

(]6) = / da* dae="® p(a*) p(a*)
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1
=S L b
1! 1 p 7017 g
—— plg!
_ .t
x/da"'dae @ “akp---aklalt---a;g. (C.34)

By (C.28) the integral is non-zero only if p = ¢ and (k1,...,kp) =
(Iy,...,1p) up to a permutation,

- o+
/dcﬁdae @ “akp---aklazl---az = H /da?‘dale U

P

I£ky ok
X H / da} day, ama,
m=k1 - kp
=1, (C.35)
and
/da+ da e_a+aakp . -allajl .- -alt = dpq 5;611/;” (C.36)
Hence, (C.34) gives
1 *
(1/}|¢> = Z H@bkl...kp(f)kl---kp; (037)
P

which is the right answer. Therefore (C.26) is correct for general n.

The connection between Grassmannian integration and differentiation
can be seen as follows. Left and right differentiation can be defined by
looking at terms linear in a translation over fermion by,

fla+b) = f(a) + by fi(a) + 3bubifri(a) + - (C.38)
= f(a) + fi(@)b + 5 fri(@)brb + -, (C.39)

which suggest

0 f(a) = fH(a), (C.40)
ak
£(0) 5o = 20 (C.41)

(the extension to functions of both a and a™ is obvious). It follows that
‘integration’ is left differentiation:

/ dag f(a) = 6% (a). (C.42)
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We shall now derive some further important properties of Grassman-
nian integration. Let f(a™,a) be an arbitrary element of the Grassmann
algebra of the form by (C.20). Then

/da+ da f(at,a) = fioni.n- (C.43)
It follows that the integration is translation invariant,
/da+daf(a++b+,a+b):/da+daf(a+,a). (C.44)
Furthermore, for an arbitrary matrix M,
+ —atMa + (_1)n + n
da" dae = [ da™ da-——(a" Ma)
n!
1
= /dcﬁ da EMklll T Mknlnallazl T alna:n
1
= HMklll s Mknln (Sfllmllj" . (045)

Using the identity
€k €1yt = O, (C.46)

where €y, ...k, is the n-dimensional € tensor (with €1...,, = +1) we obtain

n

the formula

/ da* dae™ M® = det M, (C.47)
since
det M = Mlll "'Mnlneh---ln' (C48)
The more general formula
/daJr dae @ MataTbtbTa — qop pp bTMTD, (C.49)

follows from the translation invariance (C.44) by making the translation
at = at +b" Mt a = a+ M ta. Note that (C.49) remains well
defined if det M — 0.

We can interpret (C.44) as a translation invariance of the fermionic
‘measure’,

dat =d(a™ +b"), da=d(a+D). (C.50)
A linear multiplicative transformation of variables

ar, = Tra, af — a;f S, (C.51)
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has the effect
d(a™S) = (det S)"'da™, d(Ta)= (detT)"da, (C.52)
ie.
/da+ da f(a*S,Ta) = det(ST) /da+ da f(a™,a). (C.53)
This follows easily from (C.43) and (C.48). According to (C.52), the
fermionic measure transforms inversely to the bosonic measure dz: d(T'z)

det T dx.
We note in passing the formula

/daeféaTM“ = +Vdet M, (C.59)
where T denotes transposition and M is an antisymmetric matrix (in

this case only the antisymmetric part of M contributes anyway). This
formula follows from (C.47), by making the transformation of variables

(Zkﬁ):%(}?)(in (C.55)

det M = (—1)”/2/dbe—%aTMa/dce%bTMb, (C.56)

which leads to

where we assumed n to be even (otherwise det M = 0). As is obvious
from the left-hand side of (C.54), the square root of the determinant
of an antisymmetric matrix is multilinear in its matrix elements. It is
called a Pfaffian.

States [¢) are represented by Grassmann wavefunctions 1 (a™t) de-
pending only on the a; (cf. (C.33)). The representatives of operators A
depend in general also on the ay:

(a|A]a) =: A(a™,a). (C.57)

In the normal ordered form (C.11), A(at,a) is obtained from A by
replacing everywhere the operators by their Grassmann representative,
keeping the same order, and multiplying by et a:

+ 1
A(a+,a) =e? GZWAkl“'kpvll“'lqazl ~~-akfpalq 7 (0.58)
pq

(The " @ just comes from the normalization factor (ala).)
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It is now straightforward to derive the following rules:
Ay (a™) = (al Aly)
= /db+ dbe™""P A(at, b)y(b"), (C.59)
AB(a't,a) := (a|AB|a)

= /db* dbe P A(a™ B)B(bt,a),  (C.60)
A(
B(

A = A@ata), B=B("), C=0Ca)
= BAC(a",a) = B(a")A(a",a)C(a). (C.61)
A useful identity is
A=exp [&LMM&,] = A(a™,a) = exp|a) (M)rai] (C.62)

This identity can be derived with well-known differentiation /integration
tricks. Let F'(t) be given by

F(t) = (ale'® Ma|q). (C.63)

To compute F(1) = A(a*,a) we differentiate with respect to ¢ and
subsequently integrate, with the initial condition F(0) = exp(a*a). Dif-
ferentiation gives

F'(t) = (alat Mae'™ M?|a) = aff My (alae’™ M?|a). (C.64)

The a; needs to be pulled trough the exponential so that we can use
ar|0) = a;]0). For this we use a similar differentiation trick:

A At ALA A At ara
Gl(t) e ta Maaleta Ma,

GI(t) = e~ Mafg, atMa]e!® M = Ny G (1),  G(0) = a,
Gi(t) = (€M )imbm,
dletfﬁM& _ et&TM[z(etM)lma’m. (C.65)

The differential equation for F'(t) now reads

F'(t) = aszl(a|emTM‘i|a>(etM)lmam = (aTeMa)' F(t), (C.66)
with the solution

F(t) = exp(a™e™a), A(a™,a) = F(1) = exp(ateMa). (C.67)

Next we derive and important formula for the trace of a fermionic opera-
tor. It is usually sufficient to consider only even operators, i.e. operators
containing only terms with an even number of fermionic operators or
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fermionic variables. Such A and also their representative A(a*,a) com-
mute with arbitrary anticommuting numbers, e.g. A(a™,b)cy = +cpA(a™,b).
The formula reads

Trd = / da* dae=" A(a*, —a), (C.68)
for even A. This trace formula can be derived as follows:
TrA= Z Z k| Alky - Ey)
=
= / (da* da) (db+ db) e~ a=bT
Z Z -kyla)(a) A|bY(blky - - - k)
p
N /(da+ da) (db+ db) e "+"Z ol Mo O A(@®,b)by, b
- /(dcﬁ da) (db* db) e+ o0 Hak ca, by, -+ b Aa™,b)
= / (da* da) (db+ db) e~ o=t garbil A(q T p)

=(-1)" /(dcﬁ db) e A(a*t,b)
= /(da+ db) e*“+bA(a+, -b), (C.69)

which is the desired result. We integrated over a and b* using (da™ da)
x (dbt db) = (=1)"(da™ db) (db* da) and (C.49). In the last line we
made the substitution b — —b using (C.52).

We note furthermore that omitting the minus sign from A(a*, —a) in
(C.68) leads to

/daJr da e*a+aA(a+, a) = Tr(—l)NA, (C.70)

where N is the fermion-number operator (C.12). This formula can be
derived from the trace formula (C.68), the operator-product rule (C.60),
with B = exp(iwN'), and the application

B =eima'a B(at,a) =e @ (C.71)
of the rule (C.62).



Appendix D
Spinor fields

In this appendix we record the basics of spinor fields. We start with the
properties of Dirac matrices in Euclidean space-time. The four Dirac
matrices v,, p = 1,2,3,4, are 4 x 4 matrices with the properties

VYo + VoV = 20,1 (D.1)

So they anticommute: 7,7, = —v,Vu, # # v. They can be chosen
Hermitian and unitary, 7;5 =V = 1. The matrix

V5 = V1727374 (D.2)

anticommutes with the v,, v,v5 = =57, and it is also Hermitian and

unitary, v5 = 7;[, 72 = 1. A realization can be given in terms of tensor
products of the 2 x 2 Pauli matrices oy, k = 1,2,3, and g9 = lyxo:
Vi = —02 @ 0f, Y4 = 01 @ 0o, V5 = 03 ®0p. Usually one does not need a
realization as almost all relations follow from the basic anticommutation
relations (D.1). Other realizations are related by unitary transforma-
tions, which preserve the Hermiticity and unitarity of the Dirac matri-
ces, but not the behavior under complex conjugation or transposition.
It can be shown that, in every such realization, there is an antisymmet-
ric unitary 4 x 4 matrix C, called the charge conjugation matrix, which
relates vy, to its transpose:

= _cty,0c, cT=-C, cCfCc=1, D.3
o 1
=7 =75 =CTysC. (D.4)

In the above realization a possible C' is given by C = 03 ® 0. The
matrices I' = 1, v, (—i/2)[Vu, ], #7475 and 75 form a complete set of
16 independent Hermitian 4 x 4 matrices with the properties I'? = 11,

TrI' = 0 except for T'=1, Tr (TT') = 0 for T" # I'". Useful relations are
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furthermore 57 = €xaprYAYuYrs With €cxru the completely antisym-
metric Levi—Civita tensor, €1234 = +1, the trace of an odd number of
vYu's is zero, Tr (y5y,7,) = 0, and

Tr (YuYe) = 404, (D.5)
Tr (71@7)\7;171/) = 4(6n)\6ul/ - 6nu6)\1/ + 6NV6)\;L); (DG)
Tr (757n7>\7,u7u) = _4€l~a>\,uu- (D?)

More trace relations are given in most textbooks on relativistic field
theory.

The Dirac matrices are used to describe covariance under (in our case)
Euclidean rotations, which are elements of the group SO(4). A rotation
in the p — v plane over a small angle w,, can be written as

Ry = 0py + wpw + O(W?),  wpw = —wyy, (D.8)
= 6ul/ + i%wn)\(Mn)\)l“, +---, (Dg)
(MFJ\),“/ = —7:((5,.;”5)\,, - 61~aV6)\p)- (DIO)

The antisymmetry of w,,,, ensures that R, is orthogonal, R, Rx, = dxx,
with det R = 1. The M, are the generators of SO(4) in the defining
representation. The structure constants Cgiw defined by [Myx, M) =
Cruw Mpo are easily worked out.

The 4 x 4 spinor representation of these rotations can be written in

terms of Dirac matrices as
1
A:eziwmzzuv = ]1+i%wﬁ“’zlﬂ’+'”7 (Dll)
E,“, = _7& ['Yu:'YV]: (D-12)

where the X,, are the generators in the spinor representation. They
satisfy the same commutation relations as the M, as follows from the
basic relations (D.1). The matrices A are unitary,

At =A"',  Buclid. (D.13)

They form a unitary representation up to a sign, e.g. for a rotation over
an angle 27 in the 1—2 plane, w12 = —wy; = 27, and in the realization of
the Dirac matrices introduced above, A = exp(tw,,7,7) = exp(iTog ®
0'3) =—1.

The representation A is reducible, as follows from the fact that A
commutes with 75, [A,75] = 0. Introducing the projectors Pg 1, onto the
eigenspaces +1 of s,

Pr=3(1+7), Po=3%(1l-v), PP =P, P;=PFs,
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PLPr =0, P, +Pr=1, (D.14)

we can decompose A into two components Ay, and AR as
A=AP, + APy = AL + Ag. (D.15)

The A;, and Ag are inequivalent irreducible representations (up to a
sign) of SO(4). They are essentially two-dimensional, because the sub-
space of v5 = 1 or —1 is two-dimensional, but we shall keep them as
4 x 4 matrices. The A’s are real up to equivalence,

AF = eiwuwlvi - eiwuwfvf _ C’reiwyukuc
=C"AC, (D.16)
Af g = CTAL,R C. (D.17)
The v, are vector matrices in the sense that
AT A =Ry (D.18)

This follows from the basic anticommutation relations between the +’s,
as can easily be checked for infinitesimal rotations. Products v,v, - --
transform as tensors. Because v, Pr,. = PL RV, the projected relations
have the form AE Yu At = Ry P, and similarly for L <+ R. It follows
that

Ry = 5 Tr (Al yuAr), (D.19)
which illustrates the relation
SO(4) ~ SU(2) x SU(2)/Z, (D.20)

(interpreted as 2 x 2 matrices, Ar, g are elements of SU(2), and Z, =
{1, —1} compensates for A, g and —Ar, g giving the same R).

We can enlarge SO(4) to O(4) by adding reflections to the set of
R’s, which have determinant —1. An important one is parity P =
diag(—1,—1,—1,1). Its spinor representation can be taken as Ap = 4,
which has the expected effect on the v,:

Y4 Y V4 = Py,u Yv, (D21)

and it has therefore also the required effect on the generators ¥, such
that we have a representation of O(4). Because v4P,rvs = Pr1 we
have v4Ar, r74 = Ar,1.. So we need both irreps L and R in order to be
able to incorporate parity transformations.

Vector fields V,,(z) transform under SO(4) rotations as

Vi(z) = RwVy(R™'z), (R™'z), = Ry, (D.22)
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which can be understood by drawing a vector field in two dimensions
on a sheet of paper and seeing how it changes under rotations. Spinor
fields ¢(x) transform according to

Yo (7) = Aap o5 (R™'2), (D.23)

where a and 8 are matrix indices (‘Dirac indices’). The fields can be
decomposed into irreducible components as

Yu(z) = PLy(a), ¢r(z) = Pri(a). (D.24)

It is customary to introduce a separate notation ¢ for fields transforming
with the inverse AT as

(@) = H(R™"z) AT (D.25)

(so ¢ is a column vector and 1) a row vector in the matrix sense). Under
parity we have

V'(2) = uy(Pr),  J'(x) = $(Pr)n. (D.26)

In general ) and 1) are independent fields, but with the help of the
charge-conjugation matrix C' we can make a t-type object out of ¢ and
vice-versa:

P =~ (CT)T =w"Cl, P (2) = (R a)A
9= @O = -0y, V@) = A (RT2). (D27
The fields (¢ and () are called the charge conjugates of ¢ and 1,

respectively.
Note the standard notation for the projected s,

YL =9 Pg, Yr=1vPFL. (D.28)

This looks unnatural here but it is natural in the operator formalism
where 1/_JL’R = l/AJE’R’)q = l/_JPR’L. In the path-integral formalism (in real
as well as imaginary time) one introduces independent generators ¢, (z)
and ¢t (z) of a Grassmann algebra, which are related by Hermitian
conjugation, such that ¢ g = P gt implies ¢ x = ¢* P, and
then 1/_JL7R = 1/1;;{ 4 also gives (D.28). The fields ’(/_JL’R transform in
representations equivalent to Ag r:

P = g AL = @L0)T = Ag (.C)T, (D.29)
Ur = YR A} = PrC)T = AL (YrO)T, (D.30)

where we used (D.17) and for clarity used the arrow notation for trans-
formations, while suppressing the space-time index x.
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An O(4) invariant action which contains all the types of fields intro-
duced so far with a minimum number (>0) of derivatives is given by

S=- /d4a: Y (m + 7,0,)1 (D.31)

=— /d45€ [m(l/;LT/}R + ¢YriL) + ZEL'Yuau@ZJL + @ER'Yuauz/)R] .

Finally, we can get corresponding formulas for Minkowski space-time
by raising indices in contractions such that there is always a contraction
between an upper and a lower index, e.g. w, ¥, = WX, (we do
not make a distinction between upper and lower indices in Euclidean
space-time), and substituting z* = x4 — i2° = —izg, W' = Wy —
iw’® = —iwpg. This implies that 9, — —idy, 0y = 0/0x°. It is then
also expedient to use 7° = —y9 = —iyy. We have to be careful with
Hermiticity properties of A, because after the substitution it is no longer
unitary:

A"t =BATB, B =iy, Minkowski. (D.32)
In Minkowski space-time p = 0,1, 2, 3 and indices are raised and lowered

with the metric tensor n,, = n*¥ = diag(—1,1,1,1), e.g. 3° = —d,
O = Ok = 80k,



Notes

Chapter 1

1 To avoid cluttering of brackets, we use the notation e”/4m = e?/(4r), etc.
Furthermore, units # = 1, ¢ = 1 will be used. Then dimensions are like
[mass] = [energy] = [momentum] = [(length) '] = [(time) '], etc.

2 As a model for mesons we have to take the spins of the quarks into
account. In a first approximation we can imagine neglecting
spin-dependent forces. Then the maximum spin is J = L + S, with L the
orbital angular momentum and S = 0,1 the total spin of the
quark—antiquark system. The 7 has the g7 spins antiparallel, S = 0, the
p has parallel ¢g spins, S = 1. In a second approximation spin dependent
forces have to be added, which split the 7 and p masses. In picking the
right particles out of the tables of the Particle Data Group [2], we have to
choose quantum numbers corresponding to the same S but changing L.
This means that the parity and charge-conjugation parity flip signs along
a Regge trajectory. The particles on the p trajectory in figure 1.3 are
p(769), a2(1320), p3(1690) and a4(2040), those on the 7 trajectory are
w(135), m(135), b1(1235), m2(1670). The mass m, used in this model is an
effective (‘constituent’) quark mass, m, = mq = m,/2 = 385 MeV, which
is much larger than the mass parameters appearing in the Lagrangian
(the so-called ‘current masses’), which are only a few MeV. In the last
chapter we shall arrive at an understanding of this in terms of chiral
symmetry breaking.

Chapter 2

1 The formal canonical quantization of the scalar field in the continuum is
done as follows. Given the Lagrangian of the system

Lip.#) = [ @36 - V(o) (D.33)

the canonical momentum follows from varying with respect to ¢,

0L = /d?’ww:»wz ?—fb = (D.34)
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Solving for ¢ in terms of 7, the Hamiltonian is given by the Legendre
transformation

H(p,m) = /d?’x o — L{p, p) = /d?’x %7!'2 + V{p). (D.35)

Defining the Poisson brackets as
0A 6B

AB)= [ d°
B = [ e

the canonical (equal time) Poisson brackets are given by

(p(x),m(y)) =d(x—y), (p(x),0(y)) =0=(x(x),7(y)) (D.37)

The Lagrange (stationary-action) equations of motion are then identical
to Hamilton’s equations

¢ =(p,H), #=(m H). (D.38)

— A% B, (D.36)

The canonically quantized theory is obtained by considering the
canonical variables as operators ¢ and 7 in Hilbert space satisfying the
canonical commutation relations obtained from the correspondence
principle Possion bracket — commutator:

[p(x), ()] = id(x —y), [P(x),p(y)] =0 =[7(x), 7(y)]. (D.39)

Observables such as the Hamiltonian become operators (after
symmetrizing products of ¢ and 7, if necessary). The quantum equations
of motion then follow from Heisenberg’s equations

dop =i[H, ], Bt =i[H,7]. (D.40)
These need not, but often do, coincide with the classical equations of
motion transcribed to ¢ and #. From (D.39) one observes that the ‘
quantum fields are ‘operator valued distributions’, hence products like 7>
occurring in the formal Hamiltonian are mathematically ill-defined.

Chapter 4

The derivation leading to (4.72) is how I found the lattice gauge theory
formulation in 1972 (cf. [42]). I still find it instructive how a pedestrian
approach can be brought to a good ending.

Chapter 8

Only Abelian chiral transformations form a group: if V and W are two
chiral transformations, then U = VW = VLWLPL + VJ WEPR has

U, = V_WL, # U, = Wi,Vi, unless Vi, and Wi, commute.

This can be checked here by re-installing the lattice spacing, writing
M; =mjs +4r/a, and 97, = a®*¢;(x), etc. with continuum fields (z),
t(x) that are smooth on the lattice scale (the emerging overall factor a®
must be dropped to get the continuum currents and divergencies). Using
for convenience the two-index notation for the lattice gauge field
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(Use = Usatus Uj

po—i = Ure—p), We may write

- 1 272 :
Us,ztpa¥g (37 + ua) = ¢g(x) +aDuiy, (37) + 3a D;ng(x) + -+, with
D,y (z) = [0p — igGu(x)]thy (z) the continuum covariant derivative, this
gives the expected result.

3 The way X is introduced here corresponds to four staggered flavors,
Y =37 (s} Using the SU(2) value ay/o = 0.2634(14) [69] and /o

= 420 MeV, the ratio (0.00863/4)'/%/0.263 = 0.491 corresponds to 206
MeV or ¥ = 4(206 MeV)B. This number appears somewhat small, but we
have to keep in mind that this is for SU(2), not SU(3), and it also has to
be multiplied by the appropriate renormalization factor.

4 For staggered fermions to be sensitive to topology, quenched SU(3) gauge
couplings need to be substantially smaller than the value 8 = 6/¢° = 5.1
used in [143, 144]. Vink [116, 117] found that values 8 2 6 were needed
in order to obtain reasonable correlations between the ‘fermionic
topological charge’ and the ‘cooling charge’ (cf. figure 8.2). Note that the
change 8 = 5.1 — 6 corresponds to a decrease in lattice spacing by factor
of about four.

5 Ironically, when the mechanism of cancelling the anomalies out between
different fermion species was proposed [148], I doubted that it was
necessary, and this was one of the reasons (apart from a non-perturbative
formulation of non-Abelian gauge theory) why I attempted to put the
electroweak model on the lattice. Calculating the one-loop gauge-field
self-energy and the triangle diagram, I run into the species doubling
phenomenon, without realizing that the lattice produced the very
cancellation mechanism I had wanted to avoid.

6 At the time of writing the direct Euclidean approach is considered
suspect and a Lorentzian formulation is being pursued [176]. For an
impression of what is involved in a non-perturbative computation of
gravitational binding energy, see [177].

7 The problem here is that, in order to deal with the oscillating phase
exp(iS) in the path integral, one has to make approximations right from
the beginning. To incorporate sphalerons, kinks, etc. one needs a lattice
formulation that allows arbitrarily snhomogeneous field configurations
[178, 179].
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